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Abstract—This article characterizes the state-space rep-
resentation and control Lyapunov theory for continuous-
time Markov networks (CT-MNs), which constitute a fam-
ily of Markov chains endowed with network structures,
serving as the theoretical basis for the investigations of
several swarm behaviors. First, the notions of coupling
Markov property and conditional independent property are
introduced, enabling a CT-MN to be merged as a decen-
tralized continuous-time Markov chain (CT-MC). Then, ex-
plicit formulas for the transition rate matrix of the aug-
mented CT-MCs are derived. Consequently, key problems
in CT-MNs can be reformulated as set-stability or set-
stabilization problems for the augmented CT-MCs, with
feedback controllers designed via linear programming sub-
ject to Lyapunov-based stability constraints. Furthermore,
leader-follower synchronization and output regulation of
CT-MNs are addressed. Finally, numerical examples vali-
date the theoretical results and demonstrate their effective-
ness in practical applications.
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I. INTRODUCTION

IN RECENT years, on account of the capability of char-
acterizing the prevalent engineering systems and complex

networks, Markov chains have attracted widespread research
interest [1]. In particular, homogeneous Markov chains are
generally used for describing system dynamics over finite-
cardinality state spaces, where transition probability matrices
usually describe the transitions among state pairs. Illustrative
engineering examples include the stochastic networks over finite
fields [2]. Boarder speaking, as long as the dynamics of systems
evolve along with a finite set of candidates, inherited states are
accordingly selected in certain probability rules, and therefore,
certain potential Markov chains exist to equivalently describe
the whole system behavior. Such circumstances commonly exist
in gene regulatory networks [3], [4], [5], robotics synthesis [6],
game theory [7], [8], and so on. The investigations on Markov
chains are also highly pertinent to machine learning, for which
hidden Markov chains are always utilized to match the time-
series data [9] with the target of learning the optimal decision
strategies [10].

Typically, due to the distinct evolutionary nature of Markov
chains, they can be classified into discrete-time Markov chains
(DT-MCs) and continuous-time Markov chains (CT-MCs). Cur-
rently, the predominant focus of research has been on DT-
MCs, largely because they provide advantages in characterizing
macroscopically imprecise information. In this area, previous
works have primarily concentrated on the steady-state analysis
of DT-MCs. For example, Zhao and Cheng [11] characterized
absorbing DT-MCs under stochastic conditions by establishing
a necessary and sufficient condition involving the existence
of a rooted in-tree in their underlying state transition graphs.
Subsequent work [12] examined the asymptotic convergence of
DT-MCs in terms of mathematical expectation and developed a
series of linear programming constraints to generate Lyapunov
functions. Later, Guo et al. [13] extended the mathematical
concept of asymptotic convergence for CT-MCs to asymptotic
convergence in distribution, clarifying the transition from one-
point absorbing states to set absorbing states. In addition, a state
feedback scheme was proposed in [14] to ensure that controlled
DT-MCs globally absorb toward a preassigned state. Beyond
asymptotic convergence, the finite-time convergence of DT-MCs
was shown in [15] to be equivalent to the existence of a topolog-
ical sorting of their state transition graph. Furthermore, research
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has also addressed the observability of DT-MCs; for instance,
recent work [16] investigated observable and detectable graphs
to characterize the observability and detectability of DT-MCs
from a graph-theoretic perspective.

While DT-MCs have been extensively studied in the liter-
ature, the continuous-time counterpart remains relatively un-
derexplored [17]. Unlike DT-MCs, CT-MCs utilize transition
rate matrices instead of transition probability matrices as their
constant parameters [17], [18], [19], [20], [21]. This distinc-
tion requires the development of new theoretical frameworks
specifically tailored for CT-MCs. However, current research
on CT-MCs remains largely confined to decentralized chain
structures, leaving their potential applications in network science
insufficiently explored. To bridge this gap, we propose studying
CT-MCs integrated with network graphs to capture the coupling
relationships between interconnected subchains. Such models
are termed as continuous-time Markov networks (CT-MNs) in
this article. A key motivation for studying CT-MNs lies in their
wide-ranging applications, particularly in synchronization prob-
lems that underlie critical tasks such as tracking control [22],
consensus realization [2], and output regulation [23]. Therefore,
the investigation of CT-MNs presents both important theoretical
contributions and practical benefits beyond what can be achieved
with conventional CT-MC analysis.

To date, the analysis of swarm behaviors in CT-MNs remains
an open challenge that cannot be resolved through direct ex-
tensions of existing results for either CT-MCs or discrete-time
Markov networks (DT-MNs). While synchronization problems
in DT-MNs can typically be addressed by constructing aug-
mented state variables that aggregate network states [24], this
approach proves inadequate for CT-MCs due to insufficient
characterization of their coupling structures [17]. The funda-
mental difficulty arises when attempting to merge state vectors
within the stochastic expectation form under general conditions.
Crucially, the fusing rules established for DT-MNs [24] rely
heavily on the power-reduced property of matrices [25], which
falls to hold for arbitrary noncanonical vectors. These limitations
present significant theoretical obstacles in CT-MN analysis,
particularly in determining the precise conditions, under which
traditional power-reduced properties can be extended to proba-
bilistic state vectors.

Based on the aforementioned discussions, this article estab-
lishes fundamental conditions for analyzing swarm behaviors
in CT-MNs by introducing the coupling Markov property and
the conditional independence property. These properties en-
able the amalgamation and separation of probability vectors
in continuous-time settings. Building on this foundation, we
develop a continuous-time state-space representation for CT-
MNs to address critical challenges in variable augmentation,
generalizing the traditional methodology in [25]. Furthermore,
a Lyapunov-based control design scheme is developed for CT-
MNs that guarantees asymptotic stability. In contrast to exist-
ing approaches [17], this scheme reduces the control synthesis
problem to a linear programming problem constrained by the
augmented transition rate matrix (TRM), yielding superior com-
putational efficiency. In addition, this work provides complete
solutions to the leader-follower synchronization and output regu-
lation of CT-MNs by establishing the essential fusing conditions,
which were absent in prior studies [19], [26].

The rest of this article is organized as follows. Section II
introduces the mathematical models of CT-MNs and continuous-
time control Markov networks (CT-CMNs), building upon the

fundamental definitions of CT-MCs and continuous-time control
Markov chains (CT-CMCs). This section also discusses the re-
search motivation and problem statements. Section III develops
the state-space representation framework for both CT-MNs and
CT-CMNs. Based on this foundation, Section IV studies the
stability and stabilization problems. These theoretical devel-
opments are then specialized in Section V to address leader-
follower synchronization and output regulation problems. The
practical relevance of our theoretical results is demonstrated
in Section VI through three illustrative examples. Finally, Sec-
tion VII concludes this article.

Notations: Rn is the Euclidean space of all real n-vectors.
Rm×n is the set of m× n real matrices. Dk := {1, 2, . . . , k}.
1m is an m-dimensional vector with identical entries, and In
is an n× n identity matrix. For an m× n matrix A ∈ Rm×n,
[A]i,j is the element in the ith row and jth column, Rowr(A)
is the rth row of matrix A, and Colr(A) is the rth column of
matrix A. Besides, Col(A) signifies the set of columns of A,
and A� denotes the transpose of A. Let Δn := Col(In) and
δin := Coli(In). Denote by Ls×r the set of all s× r canonical
matrices whose columns belong to Δn. Pn is the set of all
n-dimensional probability vectors and Pm×n is the set of all
m× n stochastic matrices. The Khatri–Rao product of matrix
A ∈ Rp×n and matrix B ∈ Rq×n is defined as [25]: Coli(A ∗
B) = Coli(A)⊗ Coli(B), i ∈ Dn, where ⊗ is the Kronecker
product. Moreover, the Kronecker sum ⊕ of matrix A ∈ Rn×n

and B ∈ Rm×m is defined as A⊕B = A⊗ Im + In ⊗B.

II. MATHEMATICAL MODELS AND PROBLEM FORMULATION

This section introduces the standard mathematical models for
CT-MNs and their controlled counterparts, building upon the
conventional CT-MC theory. As traditional approaches prove
inadequate for CT-MNs and CT-CMNs, we formulate the key
problems addressed in this work.

A. Continuous-Time Markov Chains (CT-MCs)

According to [17] and [27], CT-MCs are defined as
continuous-time homogenous Markov processes x(t) over a
finite state space Dk, governed by the transition probability
matrix (TPM) P (t) ∈ Pk×k:

[P (t)]i,j := Pr{x(θ + t) = i |x(θ) = j}, i, j ∈ Dk (1)

with initial condition P (0) = Ik. The homogeneousness prop-
erty implies time invariance

P (t+ θ) = P (t)P (θ), ∀t, θ ≥ 0.

Assuming that each parameter in matrix P (t) is continuous
and differentiable, we have

lim
t→0+

P (t) = P (0) = Ik.

It yields the TRM

Q := lim
t→0+

Ṗ (t) ∈ Rk×k. (2)

Here, TRM Q, also known as the intensity matrix and in-
finitesimal generator matrix [28], characterizes instantaneous
transition rates, where [Q]i,j ≥ 0 represents the transition rate
from state j to i. Moreover, TPM P (t) satisfies

Ṗ (t) = QP (t) (3)
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whose solution is P (t) = eQt. The TRM Q exhibits the follow-
ing fundamental properties:

1) Negative Diagonal: [Q]i,i ≤ 0 for all i ∈ Dk;
2) Nonnegative Off-Diagonals: [Q]i,j ≥ 0 for all i, j ∈ Dk

with i �= j;
3) Conservation Condition:

∑
i∈Dk

[Q]i,j = 0 for all j ∈
Dk.

Unlike DT-MCs with a constant TPM, CT-MCs are funda-
mentally characterized by their TRM Q ∈ Rk×k. The probabil-
ity distribution vector (PDV) p(t) ∈ Pk of state x(t), defined
as [p(t)]i = Pr{x(t) = i}, evolves according to{

ṗ(t) = Qp(t)

p(0) = p0 ∈ Pk (4)

with solution p(t;p0) = eQtp0. We hereafter denote a CT-MC
with TRM Q as CT-MC {Q}.

B. Continuous-Time Control Markov Chains (CT-CMCs)

While CT-MCs evolve autonomously, CT-CMCs incorporate
both state dynamics x(t) ∈ Dk and control inputs u(t) ∈ Dq ,
where k and q denote the state and control space cardinalities,
respectively.

In particular, CT-CMCs can be interpreted as switched CT-
MCs with q operational modes, where control input u serves as
the switching signal [18]. When u(θ) = r at time θ ≥ 0, the sys-
tem activates mode r, characterized by its TPM Pr(t) ∈ Pk×k:

[Pr(t)]i,j = Pr {x(θ + t) = i|x(θ) = j, u(θ) = r} , ∀i, j ∈ Dk.

Likewise to TPM P (t), TPM Pr(t) of each mode r ∈ Dq

satisfies the properties:
1) Pr(0) = Ik
2) limt→0+ Pr(t) = Ik
3) entries are continuous and differential subject to time t.

The TRM for mode r is given byQc
r := limt→0+ Ṗr(t), which

satisfies the Kolmogorov equation as

Ṗr(t) = Qc
rPr(t), r ∈ Dq (5)

with solution Pr(t) = eQ
c
rt.

The complete CT-CMC system is characterized by the com-
posite TRM

Qc :=
[
Qc

1, Q
c
2, . . . , Q

c
q

] ∈ Rk×qk.

The PDV p(t) evolves according to{
ṗ(t) = Qc (�u(t)⊗ Ik)p(t)

p(0) = p0 ∈ Pk (6)

where �u(t) := δ
u(t)
q is the canonical basis vector representation

of the control input u(t). Hereafter, we denote such systems as
CT-CMC {Qc}.

C. Continuous-Time Markov Networks (CT-MNs)

Recently, single-structured CT-MCs have been investigated
in [17] and [19]. However, gaps still exist between single chains
and distributed interconnected chains. Unlike CT-MCs, CT-MNs
are structurally connected and multicomponent. The concept of
CT-MNs was first proposed in [29] and [30].

A CT-MN is characterized by a directed graph G = (N , E),
where N = {1, 2, . . . , n} is the component set, and E ⊆ N ×
N defines interconnection topology. For each component i ∈
N , subset Ni := {j | (i, j) ∈ E} collects the in-neighbors of
component i, and variable xi ∈ Dki

represents its state that
has ki possible values. The global network state combines all
components

x(t) =
(
x�
1 (t), x

�
2 (t), . . . , x

�
n(t)

)� ∈
∏
j∈N

Dkj
.

Note that each component i ∈ N is governed by the TPM
Pi(t) ∈ Pki×kikNi

, where kNi
:=

∏
j∈Ni

kj is the cardinality of
the neighbor state set.

In this article, the considered CT-MNs satisfy two fundamen-
tal properties.

1) Coupling Markov Property: For each component i ∈ N
with its neighbor state vector as

xNi
:=

(
x�
j1
, x�

j2
, . . . , x�

j|Ni |

)�
∈

∏
j∈Ni

Dkj
,

the transition probability of xi ∈ Dki
depends on xNi

∈∏
j∈Ni

Dkj
through TPM [Pi(t)]

γ ∈ Pki×ki
, defined as

[Pi(t)]
γ
α,β

:= Pr {xi(t+ θ) = α |xi(θ) = β, xNi
(θ) = γ} (7)

for α, β ∈ Dki
and γ ∈ DkNi

. Each γ ∈ DkNi
represents

a state configuration in
∏

j∈Ni
Dkj

and induces a TPM as
[Pi(t)]

γ for the CT-MC.
2) Conditional Independence Property: Component states

x1(t+ θ), x2(t+ θ), . . . , xn(t+ θ) for t > 0 and all θ ≥
0, evolve conditionally independent on the current state
x(θ) as follows:

Pr{x(t+ θ) | x(θ)} =
n∏

i=1

Pr{xi(t+ θ) | x(θ)}. (8)

Each component i ∈ N of a CT-MN, characterized by TPM
Pi(t), can be interpreted as a switched CT-MC with kNi

modes,
where neighbor state xNi

serves as the switching signal. The
TRM [Qi]

γ ∈ Rki×ki
and TPM [Pi(t)]

γ ∈ Pki×ki
for each

mode γ ∈ DkNi
satisfy

[Qi]
γ = lim

t→0+

[
Ṗi(t)

]γ
, [Pi(t)]

γ = e[Qi]
γt

with the Kolmogorov equation as

d

dt
[Pi(t)]

γ = [Qi]
γ × [Pi(t)]

γ .

Next, define the composite matrices as

Qi :=
[
[Qi]

1, [Qi]
2, . . . , [Qi]

kNi

] ∈ Rki×kikNi

eQit :=
[
e[Qi]

1t, e[Qi]
2t, . . . , e[Qi]

kNi t
]
∈ Rki×kikNi

Pi(t) :=
[
[Pi(t)]

1, [Pi(t)]
2, . . . , [Pi(t)]

kNi

] ∈ Pki×kikNi
.

Consequently, the PDV pi(t) = E{�xi(t)} with �xi(t) :=

δ
�xi(t)
ki

evolves according to the ordinary differential
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equation{ d
dtE{�xi(t)} =

(
Qi ⊗ IkikNi

)
E {(�xNi

(t)⊗ Iki
) �xi(t)}

E{�x(0)} = p0 ∈ P k̂
(9)

with k̂ :=
∏n

i=1 ki and �x(t) := (�x1(t), �x2(t), . . . , �xn(t)).
In the following, we denote such systems as CT-MN
G{Q1, Q2, . . . , Qn}.

D. Continuous-Time Control Markov Networks
(CT-CMNs)

Consider a CT-CMN m control inputs over network struc-
ture Gc = (N c, Ec). The system extends CT-MN properties to
incorporate control input.

1) Controlled Coupling Markov Property: For each compo-
nent i ∈ N , the transition probability of xi ∈ Dki

de-
pends on both neighbor state xNi

∈ DkNi
and control

input u ∈ Dq through TPM P c
i (t) ∈ Pki×qkikNi

, defined
as

[P c
i (t)]

γ,η
α,β

=Pr {xi(θ + t)=α|xi(θ)=β, xNi
(θ)=γ, u(θ)=η} ,

(10)

where α, β ∈ Dki
, γ ∈ DkNi

, and η ∈ Dq .
2) Controlled Conditional Independence Property: Compo-

nent states x1(t+ θ), x2(t+ θ), . . . , xn(t+ θ) for t >
0, θ ≥ 0, evolve conditionally independent on current
state x(θ) and current input u(θ) as follows:

Pr{x(t+ θ)|x(θ), u(θ)}

=
n∏

i=1

Pr{xi(t+ θ)|x(θ), u(θ)}. (11)

In particular, CT-CMNs can be viewed as switched CT-MNs
with q · kNi

modes, where neighbor-control pair (xNi
, u) ∈∏

j∈Ni
Dkj

× Dq is the switching signal. Note that all prop-
erties of a CT-MC hold for each mode described by
[P c

i (t)]
γ,η ∈ Pki×ki

with (γ, η) ∈ ∏
j∈Ni

Dkj
× Dq. Then, the

TRM [Qc
i ]
γ,η ∈ Rki×ki

for each component i ∈ N regarding
(xNi

(θ), u(θ)) = (γ, η) is given by

[Qc
i ]
γ,η = lim

t→0+
[Ṗ c

i (t)]
γ,η.

Then, the following Kolmogorov equation holds:

d

dt
[P c

i (t)]
γ,η = [Qc

i ]
γ,η × [P c

i (t)]
γ,η

with the solution [P c
i (t)]

γ,η = e[Q
c
i ]

γ,ηt.

Given �xNi
(t) := δ

xNi
(t)

kNi
= δγkNi

and �u(t) := δ
u(t)
q = δηq , the

dynamics of PDV E{�xi(t)} for component i ∈ N is governed
by ⎧⎨

⎩
d
dtE {�xi(t)} = [Qc

i ]
γ,η × E {�xi(t)}

= Qc
i

(
�u(t)⊗ IkikNi

)
E {(�xNi

(t)⊗ Iki
) �xi(t)}

E{�x(0)} = p0 ∈ P k̂

(12)

with

Qc
i :=

[
[Qc

i ]
1,1 , . . . , [Qc

i ]
kNi

,1 , . . . , [Qc
i ]
kNi

,q
]
∈ Rki×qkikNi

.

In the following, we concisely denote such systems as CT-
CMN Gc{Qc

1, Q
c
2, . . . , Q

c
n}.

E. Problem Formulation

Although CT-MC {Q} and CT-CMC {Qc} have been
extensively studied in [17], [18], [19], [21], and [27],
the analysis of CT-MN G{Q1, Q2, . . . , Qn} and CT-CMN
Gc{Qc

1, Q
c
2, . . . , Q

c
n} remain largely unexplored. The core diffi-

culty lies in characterizing the dynamics of the augmented state
variable

E {(�x1 ⊗ Ik2...kn
) (�x2 ⊗ Ik3...kn

) · · · �xn} .
From a technical perspective, this challenge arises from the

following two key properties of expectation operators in this
context:

E {(�x1 ⊗ Ik2...kn
) (�x2 ⊗ Ik3...kn

) · · · �xn}
�= (E{�x1} ⊗ Ik2...kn

) (E {�x2} ⊗ Ik3...kn
) · · ·E{�xn} (13)

and (
E {�x} ⊗ Ik̂

)
E {�x} �= Mk̂E {�x} (14)

whereMk̂ ∈ Rk̂2×k̂ is the power-reducing matrix. It renders the
conventional analysis frameworks (see, e.g., [19], [24], and[25])
invalid in the continuous-time setup.

Especially, in deterministic cases where probability vectors
degrade into logical vectors, the dynamics of the augmented
state variable �x = (�x1 ⊗ Ik2k3···kn

)(�x2 ⊗ Ik3···kn
) · · · �xn can be

simplified to

�x(t+ 1) = P1 (Ik1
⊗ P2) · · · (Ik1k2···kn−1

⊗ Pn) �x(t).

However, this equivalence fails for CT-MNs and CT-CMNs,
leaving the existing methods (see, e.g., [19] and [25]) inappli-
cable.

Motivated by both practical applications (e.g., resource shar-
ing problem [31], queueing problem [32], and biological engi-
neering [17], [18], [19], [27]) and theoretical needs, this work
aims to address the following three fundamental problems.

1) Compact Representation: Establish conditions un-
der which CT-MN G{Q1, Q2, . . . , Qn} and CT-CMN
Gc{Qc

1, Q
c
2, . . . , Q

c
n} admit a state-space representation,

which is a comprehensive and concise representations
analogous to (4) and (6).

2) Control Design: Develop Lyapunov-based control syn-
thesis for CT-MNs and CT-CMNs using the state-space
representation, expanding upon recent advancements [19]
to stabilize trajectories towards the desired state sets.

3) Coordinated Behaviors: Solve the leader-follower syn-
chronization and output regulation problems for CT-MN
G{Q1, . . . , Qn} and CT-CMN Gc{Qc

1, . . . , Q
c
n}, aspects

that have not been addressed in previous studies due to the
challenges in establishing the essential fusing conditions.

III. STATE-SPACE REPRESENTATION OF CT-MNS AND

CT-CMNS

In this section, we establish the state-space repre-
sentation for CT-MN G{Q1, Q2, . . . , Qn} and CT-CMN
Gc{Qc

1, Q
c
2, . . . , Q

c
n}. A critical challenge arises from funda-

mental differences between discrete-time and continuous-time
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Markov models: traditional methods for DT-MCs and DT-CMCs
fail to generalize to CT-MNs and CT-CMNs.

A. Compact Representation of CT-MNs

We first establish a foundational lemma for differentiat-
ing Khatri–Rao products of time-dependent matrices, which
is essential for deriving the compact form of CT-MN
G{Q1, . . . , Qn}.

Lemma 1: Let A(t) ∈ Rp×n and B(t) ∈ Rq×n be differen-
tiable matrix-valued functions of t ≥ 0. Then, the time derivative
of their Khatri–Rao product satisfies the equality

d

dt
[A(t) ∗B(t)] =

dA(t)

dt
∗B(t) +A(t) ∗ dB(t)

dt
. (15)

Proof: Define C(t) := A(t) ∗B(t) ∈ Rpq×n. Let Ai(t),
Bi(t), and Ci(t) represent the ith columns of matrices A(t) :=
(ai,j(t))p×n, B(t) := (bi,j(t))q×n, and C(t) := (ci,j(t))pq×n,
respectively. By the definition of the Khatri–Rao product, one
has

Ci(t) = Ai(t)⊗Bi(t) =

⎡
⎢⎢⎢⎣
a1,i(t)Bi(t)

a2,i(t)Bi(t)
...

ap,i(t)Bi(t)

⎤
⎥⎥⎥⎦ , ∀i ∈ Dn.

Differentiating C(t) yield

Ċi(t) =
d

dt
[Ai(t)⊗Bi(t)] =

d

dt

⎡
⎢⎢⎢⎣
ai,1(t)Bi(t)

ai,2(t)Bi(t)
...

ai,p(t)Bi(t)

⎤
⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎣
ȧi,1(t)Bi(t) + ai,1(t)Ḃi(t)

ȧi,2(t)Bi(t) + ai,2(t)Ḃi(t)
...

ȧi,p(t)Bi(t) + ai,p(t)Ḃi(t)

⎤
⎥⎥⎥⎦

= Ȧi(t)⊗Bi(t) +Ai(t)⊗ Ḃi(t).

Finally, aggregating over all columns i ∈ Dn gives Ċ(t) =

Ȧ(t) ∗B(t) +A(t) ∗ Ḃ(t). The proof is complete. �
Without loss of generality, we assume that the neighbors of

component i ∈ N are represented as

Ni = {r1, r2, . . . , rni
| r1 < r2 < · · · < rni

} .
To rearrange the order of components i ∈ N and its neigh-

bors Ni in the natural order, we define the matrix WNi
∈

RkikNi
×kikNi

for xi as

WNi
=

⎧⎪⎨
⎪⎩
IkikNi

, rni
< i

W[r1,...,i,...,rni
], r1 < i < rni

W[i,r1,...,rni
], r1 > i

with W[r1,...,rni
] being the permutation matrix as defined

in [25]. Let

Φi :=

n⊗
j=1

φj = φ1 ⊗ φ2 ⊗ · · · ⊗ φn ∈ RkikNi
×k̂

with

φj =

{
Ikj

, j ∈ Ni ∪ {i}
1�
kj
, j /∈ Ni ∪ {i}.

The following theorem indicates that, for CT-MNs satisfying
the coupling Markov property and conditional independence
property, their compact TRM can be computed accordingly.

Theorem 1: For any CT-MN G{Q1, Q2, . . . , Qn} satisfying
the coupling Markov property and conditional independence
property, there exists an equivalent CT-MC characterized by the
TRM

Q :=

n∑
i=1

S[i,1] ∗ S[i,2] ∗ · · · ∗ S[i,n] ∈ Rk̂×k̂ (16)

where

S[i,j] :=

{
QiΦiWNi

, j = i

(1�
kNj

⊗ Ikj
)ΦjWNj

, j �= i.
(17)

Proof: To prove this theorem, we first demonstrate that a
given CT-MN G{Q1, Q2, . . . , Qn} is equivalent to a CT-MC
characterized by TPM P(t). Based on this, the TRM Q can be
calculated using Q = limt→0+ Ṗ(t).

For each component i ∈ N , the PDV E{�xi(t+ θ)} with
t, θ ≥ 0 evolves as

E {�xi(t+ θ)} = Pi(t)E {(�xNi
(θ)⊗ Iki

) �xi(θ)} . (18)

Applying neighborhood permutation matrix WNi
and cou-

pling operator Φi, one can obtain

E {�xi(t+ θ)} = Pi(t)WNi
E
{
�xNi∪{i}(θ)

}
= Pi(t)ΦiWNi

E {�x(θ)}
:= P̂i(t)E {�x(θ)} (19)

with P̂i(t) := Pi(t)ΦiWNi
. Then, by the conditional indepen-

dence property, the probability distribution of state variable
x(t+ θ) = (a1, a2, . . . , an)

� satisfies

Pr
{
x(t+ θ) = (a1, . . . , an)

�}
=

∑
p∈

n∏

i=1

Dki

Pr
{
x(t+ θ) = (a1, . . . , an)

�|x(θ)=p
}
Pr {x(θ) = p}

=
∑

p∈
n∏

i=1

Dki

Pr {x(θ)=p}
(

n∏
i=1

Pr {xi(t+θ)=ai|x(θ)=p}
)

= Row(a1,...,an)

(
P̂1(t) ∗ P̂2(t) ∗ · · · ∗ P̂n(t)

)
E {�x(θ)} .

(20)

The last equality holds owing to[
P̂i(t)

]
ai,p

= Pr{xi(t+ θ) = ai|x(θ) = p}, i ∈ N

and

Row(a1,...,an)

(
P̂1(t) ∗ P̂2(t) ∗ · · · ∗ P̂n(t)

)
=Rowa1

[
P̂1(t)

]
⊗Rowa2

[
P̂2(t)

]
⊗· · ·⊗Rowan

[
P̂n(t)

]
.
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Formula (20) connects the probability distribution of random
variable x(t+ θ) = (a1, a2, . . . , an)

� under TRMs P̂i(t), i ∈
N . We can convert the considered CT-MN into an equivalent
CT-MC as follows:

E {�x(t+ θ)} = P(t)E {�x(θ)} (21)

with

P(t) = P̂1(t) ∗ P̂2(t) ∗ · · · ∗ P̂n(t).

The aggregated TPM P(t) yields an equivalent CT-MC over
the state space Dk̂.

Differentiating P(t) and applying Lemma 1 gives the TRM
of the equivalent CT-MC as follows:

Q = lim
t→0+

Ṗ(t)

= lim
t→0+

d

dt

[
P̂1(t) ∗ P̂2(t) ∗ · · · ∗ P̂n(t)

]

= lim
t→0+

n∑
i=1

P̂1(t) ∗ · · · ∗
[
d

dt
P̂i(t)

]
∗ · · · ∗ P̂n(t)

=

n∑
i=1

lim
t→0+

P̂1(t) ∗ · · · ∗
[
d

dt
P̂i(t)

]
∗ · · · ∗ P̂n(t)

=

n∑
i=1

S[i,1] ∗ S[i,2] ∗ · · · ∗ S[i,n]

where S[i,j] captures both local dynamics and neighborhood
interactions. Therefore, the proof is complete. �

Theorem 1 establishes that under the coupling Markov
property and conditional independence property, CT-MN
G{Q1, Q2, . . . , Qn} admits an exact representation as a CT-MC
{Q} with dynamics governed by{

d
dtE{�x(t)} =

(
Q⊗ Ik̂

)
E {�x(t)}

E{�x(0)} = p0 ∈ P k̂.

The state-space representation in (16) provides a foundation
for adapting the existing CT-MC analysis methods to study CT-
MN behaviors.

B. Compact Representation of CT-CMNs

Proceeding forward, we delve into the amalgamation of CT-
CMNGc{Qc

1, Q
c
2, . . . , Q

c
n} as outlined in (12). It is worth noting

that if the dynamics of this CT-CMN do not adhere to (12), it
can be transformed accordingly using the permutation matrix
and dummy matrix.

Theorem 2: For any CT-CMN Gc{Qc
1, Q

c
2, . . . , Q

c
n} satis-

fying the controlled coupling Markov property and conditional
independence property, there exists an equivalent CT-CMC char-
acterized by the TRM as follows:

Qc :=

n∑
i=1

Sc
[i,1] ∗ Sc

[i,2] ∗ · · · ∗ Sc
[i,n] ∈ Rk̂×qk̂ (22)

where

Sc
[i,j] :=

{
Qc

i [Iq ⊗ (ΦiWNi
)] , j = i[

1�
qkNj

⊗ Ikj

] [
Iq ⊗ (ΦjWNj

)
]
, j �= i.

(23)

Proof: Similar to Theorem 1, we begin by establishing
that CT-CMN Gc{Qc

1, Q
c
2, . . . , Q

c
n} is equivalent to a CT-CMC

characterized by TPM Pc(t). Subsequently, the TRM of the
equivalent CT-MC can be calculated as Qc = limt→0+ Ṗc(t).

Considering CT-CMN Gc{Qc
1, Q

c
2, . . . , Q

c
n} in (12), where

the TPM of component i ∈ N is denoted by P c
i (t), the PDV

E{�xi(t+ θ)} satisfies

E {�xi(t+ θ)} = P c
i (t)

(
�u(θ)⊗ IkikNi

)
· E {(�xNi

(θ)⊗ Iki
) �xi(θ)} (24)

where control inputu(t) can be considered as a switching signal.
Following a similar derivation as in (19), formula (24) can be
equivalently represented as

E{�xi(t+ θ)}
= P c

i (t)
(
�u(θ)⊗ Ik̂

)
ΦiWNi

E {�x(θ)}
= P c

i (t) [Iq ⊗ (ΦiWNi
)]
(
�u(θ)⊗ Ik̂

)
E {�x(θ)}

:= P̂ c
i (t)

(
�u(θ)⊗ Ik̂

)
E {�x(θ)} . (25)

Here, P̂ c
i (t) := P c

i (t)[Iq ⊗ (ΦiWNi
)] ∈ Rki×qk̂. Conse-

quently, by the controlled conditional independence property,
the probability distribution of x(t+ θ) = (a1, a2, . . . , an)

� sat-
isfies

Pr
{
x(t+ θ) = (a1, . . . , an)

�}
=

∑
p,r

[
Pr

{
x(t+ θ) = (a1, . . . , an)

� |x(θ) = p, u(θ) = r
}

· Pr {x(θ) = p, u(θ) = r}
]

=
∑
p,r

[⎛⎝ n∏
j=1

Pr {xj(t+ θ) = aj |x(θ) = p, u(θ) = r}
⎞
⎠

· Pr {x(θ) = p, u(θ) = r}
]

=Row(a1,...,an)

(
P̂ c
1 (t) ∗· · ·∗ P̂ c

n(t)
) (

�u(θ)⊗Ik̂
)
E {�x(θ)} .

Letting Pc(t) := P̂ c
1 (t) ∗ P̂ c

2 (t) ∗ · · · ∗ P̂ c
n(t), one has

E {�x(t+ θ)} = Pc(t)
(
�u(t)⊗ Ik̂

)
E {�x(θ)} . (26)

The aggregated TPM Pc yields an equivalent CT-CMC over
the state space

∏
i∈N Dki

.
Then, differentiating Pc(t) and applying Lemma 1 yields the

TRM of the equivalent CT-CMC as follows:

Qc = lim
t→0+

Ṗc(t)

= lim
t→0+

d

dt

[
P̂ c
1 (t) ∗ P̂ c

2 (t) ∗ · · · ∗ P̂ c
n(t)

]

= lim
t→0+

n∑
i=1

P̂ c
1 (t) ∗ · · · ∗

[
d

dt
P̂ c
i (t)

]
∗ · · · ∗ P̂ c

n(t)

Authorized licensed use limited to: Chinese University of Hong Kong. Downloaded on April 29,2026 at 08:54:34 UTC from IEEE Xplore.  Restrictions apply. 



LI et al.: CONTINUOUS-TIME MARKOV NETWORKS: FROM MERGING RULES TO SYNCHRONIZING CONTROL 7929

=

n∑
i=1

lim
t→0+

P̂ c
1 (t) ∗ · · · ∗

[
d

dt
P̂ c
i (t)

]
∗ · · · ∗ P̂ c

n(t). (27)

Moreover, from (25), we have

lim
t→0+

P̂ c
i (t) =

[
1�
qkNi

⊗ Iki

]
[Iq ⊗ (ΦiWNi

)]

lim
t→0+

d

dt
P̂ c
i (t) = Qc

i [Iq ⊗ (ΦiWNi
)] . (28)

Incorporating (28) into the final formula of (27), one can
derive (22). This completes the proof. �

The intuitive nature of Theorem 2 becomes evident through
(23). When i = j, the resulting expression follows a compelling
pattern:

Sc
[i,j] = lim

t→0+

d

dt
P̂ c
i (t)

= lim
t→0+

dP c
i (t)

dt
· [Iq ⊗ (ΦiWNi

)]

= Qc
i [Iq ⊗ (ΦiWNi

)] .

Here, WNi
orchestrates the natural order of component i and

its neighbors, while Φi serves as a dummy matrix, defining

E
{
�xNi

⋃{i}(θ)
}
= ΦiE {�x(θ)} .

Conversely, if i �= j, it has

Sc
[i,j] = lim

t→0+
P̂ c
i (t)

= lim
t→0+

P c
i (t) [Iq ⊗ (ΦiWNi

)]

=
(
1�
qkNj

⊗ Ikj

)
[Iq ⊗ (ΦiWNi

)] .

In essence, Theorem 2 asserts that, under the coupling
Markov property and conditional independence property, CT-
CMNGc{Qc

1, Q
c
2, . . . , Q

c
n} is equivalent to CT-CMC{Qc}. The

resultant PDV adheres to the following equation:{
d
dtE{�x(t)} = Qc

(
�u(t)⊗ Ik̂

)
E {�x(t)}

E{�x(0)} = p0 ∈ P k̂.

Given the parallels with the format found in [25], we refer
to (22) as the state-space representation of CT-CMNs hereafter.
Based on this, all the existing approaches to CT-CMCs can be
adapted or extended to explore the dynamic behaviors of CT-
CMN G{Qc

1, Q
c
2, . . . , Q

c
n}.

C. Relation Between CT-MNs and DT-MNs

In this subsection, we explore the relationships between CT-
MNs and DT-MNs, following the methodology outlined in [26]
and building upon the recent insights from [19]. Initiating with
CT-MN G{Q1, Q2, . . . , Qn}, we discretize its state trajectory
by fixed-interval sampling at τ time instants. At each sampling
point, the state of each component i ∈ N is captured by the
random variable xi(tτ), i ∈ N . The mathematical expectation
at the tth sampling instant is denoted as

zτi (t) := pi(tτ) = E{xi(tτ)}, t ∈ N+.

It follows a dynamic evolution described by⎧⎪⎪⎪⎨
⎪⎪⎪⎩

�zτ1(t+ 1) = eQ1τ�zτ (t)

�zτ2(t+ 1) = eQ2τ�zτ (t)
...

�zτn(t+ 1) = eQnτ�zτ (t)

(29)

with �zτi (t) := δ
zτ
i (t)

ki
, i ∈ N , and �zτ (t) := E{�x(tτ)}. This

discrete-time evolution can be viewed as a DT-MN.
According to [26], there are two ways to obtain the state-

space representation of DT-MN (29). The first approach inte-
grates the conditional independence condition: random variables
x1((t+ 1)τ), x2((t+ 1)τ), . . . , xn((t+ 1)τ) are conditionally
independent on x(tτ) for all t ≥ 0. This leads to the following
conclusion.

Lemma 2 (See [26]): Consider DT-MN (29). If the condi-
tional independence condition is satisfied, then the state-space
representation of (29) is in the form of

�zτ (t+ 1) = Pτ�z
τ (t)

where Pτ = eQ1τ ∗ eQ2τ ∗ · · · ∗ eQnτ .
The second relies on the independence condition and is artic-

ulated as follows.
Lemma 3: Consider DT-MN (29). If the independence con-

dition is satisfied, i.e., x1(tτ), x2(tτ), . . . , xn(tτ) are mutually
independent, and the following criterion holds:

HRn−1

k̂
ξ = Hξn, ∀ξ ∈ Pn (30)

then

�zτ (t+ 1) = Pτ�z
τ (t)

where Rk̂ := [δ1
k̂
⊗ δ1

k̂
, δ2

k̂
⊗ δ2

k̂
, . . . , δk̂

k̂
⊗ δk̂

k̂
] and H :=∏n

j=1(Ik̂j−1 ⊗ eQjτ ⊗ Ik̂n−j ).
Lemmas 2 and 3 elucidate that the state-space representation

of CT-MNs and DT-MNs can be derived under either the condi-
tional independence condition or criterion (30). When only the
independence condition is satisfied, DT-MN (29) follows that

�zτ (t+ 1) =

n∏
j=1

(
Ik̂j−1 ⊗ �zτj (t+ 1)⊗ Ik̂n−j

)

=

n∏
j=1

(
Ik̂j−1 ⊗

(
eQjτ�zτj (t)

)⊗ Ik̂n−j

)
= H[�zτ (t)]n

resulting in a heterogeneous Markov chain. For further insights
on the relationship between the independent and conditionally
independent models, refer to [26].

Conclusively, the following Theorem 3 reveals that the TRM
Q of a CT-MN can be interpreted as the differential limit of
TPM Pτ in its sampling network as the sampling period τ tends
to zero.

Theorem 3: The CT-MN G{Q1, Q2, . . . , Qn} and its corre-
sponding DT-MN {Q} satisfies

Q = lim
τ→0+

Ṗτ (31)

where Q is defined in (16).
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D. Relations With Existing Models

The state-space representation of CT-MNs and CT-CMNs in
this article is a unified framework for CT-MCs and CT-CMCs.
Next, we discuss the inclusion relations between CT-MNs and
some existing models.

Our model shares a mathematical description similar to the
CT-MNs in [29] and [30], commonly employed in probabilistic
reasoning and learning theory. However, a notable distinction
lies in their update mechanisms. Existing models typically as-
sume asynchronous updates, where only one variable transitions
at any time instant. In contrast, our framework caters to both
synchronous and asynchronous processes, rendering it more
available. Consequently, our established conditions are appli-
cable to the networks in [29] and [30].

Moreover, prior work on continuous-time Boolean net-
works [33] and continuous-time logical networks [17] often
ignores network topology and logical constraints, complicat-
ing the analysis of multicomponent swarm behaviors. Notably,
Theorems 1 and 2 furnish explicit state-space representations
for CT-MNs and CT-CMNs, facilitating their direct application
in such systems.

In particular, our model also serves as a generalization of
stochastic automata networks [31], [32], [34], widely utilized
in parallel and distributed computer systems. A stochastic au-
tomata network comprises interacting but largely independent
automata [32], constituting a special case of our CT-MNs where
components evolve autonomously. Importantly, while stochastic
automata networks focus exclusively on independent models (a
subclass of our CT-MNs), our tensor-based representation en-
ables the direct computation of their state-space dynamics [34].
Specifically, we express the TRM of a CT-MN as tensor opera-
tions on automata-specific matrices. In this context, the TRM Q
of an independent stochastic automata network is formulated as

Q =
n⊕

i=1

Qi (32)

where operation ⊕ denote the tensor sum defined in [34], matrix
Q is referred to as the global infinitesimal generator, and Qi

signifies the local infinitesimal generator according to [31], [32],
[34]. Indeed, (32) can be deduced from (16) in Theorem 1.

Theorem 4: For independent stochastic automata networks,
(32) is equivalent to (16).

Proof: Consider a network G{Q1, Q2, . . . , Qn} of indepen-
dent stochastic automatas with the dynamics of PDV obeying

ṗi(t) = Qipi(t), ∀i ∈ N
where pi(t) = E{�xi(t)}. It yields

pi(t+ θ) = Pi(t)pi(θ)

with Pi(t) = eQit. As stochastic automata networks are inde-
pendent, we derive

p(t+ θ) =

n∏
i=1

(
Ik̃i−1

⊗ pi(t+ θ)⊗ Ik̃n−i

)

=
n∏

i=1

(
Ik̃i−1

⊗ (Pi(t)pi(θ))⊗ Ik̃n−i

)

=

(
n⊗

i=1

Pi(t)

)
p(θ) (33)

Fig. 1. Relations between CT-MNs, CT-CMNs, CT-MCs, and CT-
CMCs.

where k̃α = k1k2 · · · kα. Consequently, one can obtain

P (t) =

n⊗
i=1

Pi(t)

and

Q = lim
t→0+

Ṗ (t) = lim
t→0+

d

dt
[⊗n

i=1Pi(t)] =

n⊕
i=1

Qi.

Therefore, the proof is complete. �
Fig. 1 summarizes the relationships among CT-MNs, CT-

CMNs, CT-MCs, and CT-CMCs.

IV. STABILIZATION VIA CONTROL LYAPUNOV FUNCTIONS

This section investigates two fundamental problems in dy-
namic systems: global stability and global stabilization. Building
on the state-space representation of CT-MNs and CT-CMNs
established in Section III, we now examine their behavioral
control through CT-CMCs characterized by TRM Qc ∈ Rk̂×qk̂.

By Theorem 1, CT-MN G{Q1, Q2, . . . , Qn} is equivalent to
CT-MC {Q} with TRM Q calculated by (16). It yields the
system dynamics of CT-MN G{Q1, Q2, . . . , Qn} as follows:{

d
dtE{�x(t)} = QE {�x(t)}
E{�x(0)} = p0.

The stability analysis of CT-MCs has been thoroughly char-
acterized through Lyapunov functions in [18] and [19]. Con-
sequently, the stability of CT-MN G{Q1, Q2, . . . , Qn} and CT-
CMNGc{Qc

1, Q
c
2, . . . , Q

c
n} can be determined via the Lyapunov

functions constructed for their equivalent CT-MC {Q} and
CT-CMC {Qc}, respectively.

Therefore, we focus on the set stability of CT-MC {Q} and
CT-CMC {Qc}, with particular applications to leader-follower
synchronization and output regulation as detailed in Section V.
While recent work [19] employed Lyapunov functions primarily
for convergence analysis, we extend this framework to controller
design. For completeness, we first review the foundational Lya-
punov theory from [19] before presenting our control-theoretic
extensions.

A. Lyapunov Functions of CT-MCs

Building on the stability characterization of CT-MCs in [19],
we formally review the key definitions and results that will serve
as the foundation for the control design.

Definition 1 (See [19]): Consider CT-MC {Q} with target
state xe ∈ Dk and target state set Se ⊆ Dk.
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1) It is said to be asymptotically xe-stable in distribution if

lim
t→+∞Pr {x(t;p0) = xe} = 1, ∀p0 ∈ Pk.

2) It is said to be asymptotically Se-stable in distribution if

lim
t→+∞Pr {x(t;p0) ∈ Se} = 1, ∀p0 ∈ Pk.

Definition 2 (See [19]): A function V : Dk → R1 is called
a Lyapunov function of CT-MC {Q} subject to the given state
xe ∈ Dk if it satisfies the following conditions:

1) V (x(t)) = 0 for x(t) = xe and V (x(t)) > 0 for all
x(t) ∈ Dk\{xe};

2) d
dtE{V (x(t))} = 0 for x(t) = xe and d

dtE{V (x(t))} <
0 for all x(t) ∈ Dk\{xe}.

Then, let �x := δxk and �xe := δxe

k be the canonical basis vector
representations of x and xe, respectively. One can derive the
following result.

Lemma 4 (See [19]): Given state xe ∈ Dk, CT-MC {Q} is
asymptotically xe-stable in distribution if and only if there exists
a vector λ ∈ Rk satisfying

λ��xe = 0

λ��x > 0, ∀x ∈ Dk\{xe}
λ�Q�xe = 0

λ�Q�x < 0, ∀x ∈ Dk\{xe}.
Definition 3 (See [19]): A function V : Dk → R1 is called

a Lyapunov function of CT-MC {Q} subject to the given state
set Se ⊆ Dk if it satisfies the following conditions:

1) V (x(t)) ≥ 0 for all x(t) ∈ Dk;
2) d

dtE{V (x(t))}≤0 for all x(t)∈Se and d
dtE{V (x(t))}

< 0 for all x(t) ∈ Dk\Se.
Lemma 5 (See [19]): Given state setS ⊆ Dk, CT-MC {Q} is

asymptotically S-stable in distribution if and only if there exists
a vector λ ∈ Rk satisfying

λ��x ≥ 0, ∀x ∈ Dk

λ�Q�x ≤ 0, ∀x ∈ S

λ�Q�x < 0, ∀x ∈ Dk\S.
Based on Definitions 2 and 3, we construct the Lyapunov

function for CT-MC {Q} as follows:

V (�x) = λ��x (34)

where λ can be obtained from Lemmas 4 and 5, respectively.
Moreover, the affine transformation

Ṽ (�x) = (λ + a1k)
� �x

also preserves the Lyapunov properties for any a ∈ R.

B. Control Lyapunov Functions of CT-CMCs

The preceding results on Lyapunov functions for CT-MCs
have been limited to uncontrolled systems. We now extend these
results to develop control Lyapunov functions for CT-CMCs,
beginning with key stabilization definitions.

Definition 4: Consider CT-CMC {Qc}with target state xe ∈
Dk and target state set Se ⊆ Dk.

1) It is said to be asymptotically xe-stabilizable in distri-
bution if there exists a state feedback controller u(t) =
K(x(t)) with K : Dk → Dq such that

lim
t→+∞Pr {x(t;u,p0) = xe} = 1, ∀p0 ∈ Pk.

2) It is said to be asymptotically Se-stabilizable in distri-
bution if there exists a state feedback controller u(t) =
K(x(t)) with K : Dk → Dq such that

lim
t→+∞Pr {x(t;u,p0) ∈ Se} = 1, ∀p0 ∈ Pk.

Using the canonical correspondence, the state feedback con-
troller u(t) = K(x(t)) admits the vector form

�u(t) = K�x(t) (35)

where K ∈ Lq×k is one-to-one correspondence with function
K. Then, the stabilizability criterion is established.

Proposition 1: Given the target state xe ∈ Dk. CT-CMC
{Qc} is asymptotically xe-stablizable in distribution if and only
if there exists a vector λ̂ ∈ Rk and a logical matrix K ∈ Lq×k

satisfying

λ̂��xe = 0 (36a)

λ̂��x > 0, ∀x ∈ Dk\{xe} (36b)

λ̂�Qc (K ⊗ Ik)Mk�xe = 0 (36c)

λ̂�Qc (K ⊗ Ik)Mk�x < 0, ∀x ∈ Dk\{xe} (36d)

where Mk ∈ Rk2×k is the power-reducing matrix.
Proof: The dynamics of CT-CMC {Qc} satisfies{

d
dtE{�x(t)} = Qc (�u(t)⊗ Ik)E {�x(t)}
E{�x(0)} = p0.

Under state feedback controller �u(t) = K�x(t), this dynamics
equation becomes the following closed-loop form:{

d
dtE{�x(t)} = Qc (K ⊗ Ik)MkE {�x(t)}
E{�x(0)} = p0

which describes the dynamics of CT-MC {Qc(K ⊗ Ik)Mk}.
According to Lemma 4, CT-MC {Qc(K ⊗ Ik)Mk} is asymp-
totically xe-stable in distribution, implying that CT-CMC {Qc}
is asymptotically xe-stablizable in distribution. �

While Proposition 1 provides a straightforward way to verify
stabilizability with given λ̂ and matrix K, we now present a
constructive procedure for designing state feedback stabilizers.
We begin with single-state stabilization of CT-CMC {Qc} by
defining the admissible control set Hx ⊆ Δq for each state x ∈
Dk as follows:

Hx =

⎧⎪⎪⎨
⎪⎪⎩

{
δjq ∈ Δq |Qc

(
δjq ⊗ Ik

)
�x = 0k

}
,

forx = xe{
δjq ∈ Δq | λ̃�Qc

(
δjq ⊗ Ik

)
�x < 0

}
,

forx ∈ Dk\{xe}
(37)

where λ̃ ∈ Rk is obtained by applying Lemma 4 to the CT-MC
characterized by the TRM

Q̃ :=
1

q

q∑
j=1

Qc
(
δjq ⊗ Ik

)
. (38)
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The admissible control sets Hx, x ∈ Dk, enable the construc-
tion of a state feedback controller u(t) = K(x(t)) as follows.

Theorem 5: Given target state xe ∈ Dk, CT-CMC {Qc} is
asymptotically xe-stablizable in distribution if and only if Hi �=
∅ holds for all i ∈ Dk.

Proof: (Sufficiency.) The sufficiency is verified by construct-
ing a feasible state feedback controller (35).

Define a constant vector λ̂ as

λ̂i =

{
0, i = xe

λ̃i, i ∈ Dk\{xe}.
Then, the constant feedback gain matrix K ∈ Lq×k is con-
structed as

Coli(K) ∈ Hi, i ∈ Dk.

The closed-loop system under (35) satisfies conditions (36a)
and (36b) since λ̂xe

= 0 and λ̂i > 0 for all i ∈ Dk\{xe} . Then,
condition (36c) follows from the definition of Hxe

owing to

λ̂�Qc (K ⊗ Ik)Mk�xe = λ̂�Qc (K ⊗ Ik)
(
δjq ⊗ Ik

)
�xe = 0

for all δjq ∈ Hxe
. Besides, condition (36d) is satisfied for x ∈

Dk\{xe} because of

λ̂�Qc (K ⊗ Ik)Mk�x = λ̂�Qc
(
δjq ⊗ Ik

)
�x < 0

for all δjq ∈ Hx with x �= xe.
(Necessity.) To prove the necessity, we start by assuming that

CT-CMC {Qc} is asymptotically xe-stablizable in distribution.
First, the condition Hxe

�= ∅ must be satisfied; otherwise xe

cannot be the steady state of CT-CMC {Qc}.
Next, we prove that the stabilizability of CT-CMC {Qc}

implies the existence of a solution λ̃ such that Hx �= ∅ for all
x ∈ Dk\{xe}. The stabilizability of CT-CMC {Qc} indicates
that the state transition graph contains a spanning in-tree [17].
Moreover, the corresponding CT-MC {Q̃} inherits this property,
ensuring the existence of λ̃ according to [19]. Through linearity,
the condition

λ̃�

⎛
⎝1

q

q∑
j=1

Qc(δjq ⊗ Ik)

⎞
⎠ �x < 0

implies the existence of a parameter j′ ∈ Dq such that

λ̃�Qc(δj
′

q ⊗ Ik)�x < 0.

Therefore, set Hx is nonempty. �
Theorem 5 provides a constructive approach for design-

ing state feedback controllers to xe-stabilize CT-CMC {Qc}.
Specifically, the feasible state feedback controller (35) can be
implemented by selecting

Coli(K) ∈ Hi, i ∈ Dk.

We then extend this result to the set stabilization of CT-CMC
{Qc}, beginning with the definition of control invariant subsets
in state set Dk.

Definition 5 (See [17]): A subset S ⊆ Dk is said to be a
control invariant subset of CT-CMC {Qc} if, for any j ∈ S,
there exists an integer kj ∈ Dq such that∑

i∈S

[
Qc

(
δ
kj
q ⊗ Ik

)]
i,j

= 0.

For any state subset S ⊆ Dk, its largest control invariant
subset I∗(S) ⊆ S can be computed via [17, Proposition 4].
Then, we define indicator matrix IS ∈ Rk×|S| as follows:

Colj (IS) =

{
δjk, j ∈ I∗(S)
δ0k, j ∈ Dk\I∗(S).

Note that CT-CMC {Qc} achieves the stabilization to the
given state set S if and only if it achieves stabilization to the
largest control invariant subset I∗(S) of S. Therefore, regarding
to CT-CMC {Qc}, we can construct the admissible control sets
as follows:

Hc
x :=

⎧⎪⎪⎨
⎪⎪⎩

{
δjq ∈ Δq | I�SQc

(
δjq ⊗ Ik

)
�x = 0

}
,

forx ∈ I∗(S){
δjq ∈ Δq |

(
λ̃c
)�

Qc
(
δjq ⊗ Ik

)
�x < 0

}
,

forx ∈ Dk\I∗(S)

(39)

where λ̃c ∈ Rk is obtained by applying Lemma 5 to CT-MC
{Q̃}, whose TRM Q̃ is calculated by (38).

Theorem 6: Given S ⊆ Dk, CT-CMC {Qc} is asymptoti-
cally S-stablizable in distribution if and only if Hc

i �= ∅ holds
for all i ∈ Dk. The feasible state feedback controller is designed
as (35) with

Coli(K) ∈ Hc
i , i ∈ Dk.

Proof: The proof of this theorem follows a similar approach
to the proof of Theorem 5, with

λ̂i =

{
0, i ∈ I∗(S)
λ̃c
i , i ∈ Dk\I∗(S).

Thus, the detailed proof process is omitted here. �
In a broader sense, this Lyapunov-based feedback control

design approach can be extended to other set-stabilization-
related issues of CT-CMNs and CT-CMCs. For example, leader-
follower CT-CMNs can be transformed into a compact CT-
CMC using Theorem 2, and thus, their synchronization prob-
lem can be converted into a set stabilization problem subject
to the corresponding CT-CMC, which can be solved through
Theorem 6.

In comparison with [17], the feedback controllers designed
in this work rely on the construction of a control Lyapunov
function. Once the Lyapunov function is established, the feed-
back controllers can be readily derived by following Theorems 5
and 6. As indicated in [19], the construction of Lyapunov
functions can be achieved through linear programming, which
exhibits polynomial complexity with respect to the cardinality of
the state spaces of the considered chains. Therefore, the proposed
controller design method is computationally efficient.

V. APPLICATIONS TO LEADER-FOLLOWER SYNCHRONIZATION

AND OUTPUT REGULATION

In this section, we explore the applicability of the proposed
methods to the synchronization of leader-follower CT-MNs and
the output regulation of CT-CMNs.

A. Synchronization of Leader-Follower CT-MNs

The leader-follower CT-MN can be regarded as a special case
of CT-MNs, which comprise a leader CT-MC and a follower CT-
MC. Regarding the leader CT-MC, its state is denoted bym(t) ∈
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Dk, and its dynamics is governed by TPMPm(t) ∈ Pk×k, given
as

[Pm(t)]i,j := Pr {m(θ + t) = i |m(θ) = j} , i, j ∈ Dk

with limt→0+ Pm(t) = Pm(0) = Ik. Then, the TRM of the
leader CT-MC is derived as

Qm = lim
t→0+

Pm(t)− Ik
t

.

It satisfies the Kolmogorov equation

Ṗm(t) = QmPm(t)

with solution Pm(t) = eQmt.
Next, concerning the follower CT-MC, its state trajectory,

denoted by s(t) ∈ Dk, is governed by both the leader CT-MC
and itself. Define its TPM as

Ps(t) := [P 1
s (t)P

2
s (t) · · ·P k

s (t)] ∈ Pk×k2

with, for each r ∈ Dk,

[P r
s (t)]i,j := Pr {s(θ + t) = i | s(θ) = j,m(θ) = r} .

It satisfies limt→0+ P r
s (t) = P r

s (0) = Ik for all r ∈ Dk.
Then, the TRM of the follower CT-MC subject to eachm(θ) = r
is derived as

Qr
s := lim

t→0+
Ṗ r
s (t).

For each r ∈ Dk, it also satisfies

Ṗ r
s (t) = Qr

sP
r
s (t)

with solution P r
s (t) = eQ

r
st. Then, we further denote

Qs :=
[
Q1

z, Q
2
z, . . . , Q

k
z

] ∈ Rk×k2 .

Let �m(t) := δ
m(t)
k ∈ Δk and �s(t) := δ

s(t)
k ∈ Δk. The dy-

namics of the leader-follower CT-MN can be modeled as⎧⎪⎪⎨
⎪⎪⎩

d
dtE {�m(t)} = QmE {�m(t)}
d
dtE {�s(t)} = QsE {(�m(t)⊗ Ik)�s(t)}
E{�m(0)} =: pm(0) ∈ Pk

E{�s(0)} =: ps(0) ∈ Pk.

(40)

Definition 6: Leader-follower CT-MC (40) is said to be
asymptotically synchronous in distribution if

lim
t→∞Pr {m(t) = s(t)} = 1 (41)

holds for any initial PDV pm(0) ∈ Pk and PDV ps(0) ∈ Pk.
The synchronization problem of leader-follower CT-MC (40)

can be reformulated using the augmented state variable

�ξ(t) = (�m(t)⊗ Ik)�s(t)

which transforms the original problem into the stabilization
problem of a CT-MC with the target state set as follows:

Sk :=
{
δ1k ⊗ δ1k, . . . , δ

k
k ⊗ δkk

}
.

However, the leader-follower synchronization problem of
CT-MC (40) presents significant technical challenges in the
traditional framework [35] due to the difficulty in characterizing
the expectation

E {(�m(t)⊗ Ik)�s(t)} .

To overcome this limitation, we introduce the following condi-
tional independence assumption: the random variablesm(t+ θ)
and s(t+ θ) are conditionally independent onm(θ) and s(θ) for
all t, θ ≥ 0, i.e.,

Pr {m(t+ θ), s(t+ θ) | m(θ), s(θ)} =
Pr {m(t+ θ) | m(θ), s(θ)} · Pr {s(t+ θ) | m(θ), s(θ)} .
Theorem 7: Leader-follower CT-MC (40) achieves asymp-

totical synchronization in distribution if and only if there exists
a vector λ ∈ Rk2 satisfying

λ��ξ ≥ 0, ∀�ξ ∈ Δk2 (42a)

λ�Qms
�ξ ≤ 0, ∀�ξ ∈ Sk (42b)

λ�Qms
�ξ < 0, ∀�ξ ∈ Δk2\Sk (42c)

where

Qms := Qm ⊗ Ik +
(
Ik ⊗ 1�

k

) ∗Qs.

Proof: By Theorem 1, leader-follower CT-MC (40) under
conditional independence admits the dynamics representation⎧⎨

⎩
d
dtE

{
�ξ(t)

}
= QmsE

{
�ξ(t)

}
E

{
�ξ(0)

}
= pm(0)⊗ ps(0).

(43)

Based on this, the proof can then be completed by directly
applying Lemma 5 to (43). �

B. Output Regulation of CT-CMNs

In this subsection, we investigate the output regulation prob-
lem for CT-CMNs, extending previous work on DT-CMNs [23].
The continuous-time case remains challenging due to the ab-
sence of coupling conditions.

Consider a CT-CMC with state variable x(t) ∈ Dk1
, control

variable u(t) ∈ Dq , and output variable y1(t) ∈ Dη . Its dynam-
ics is governed by TRM Qc := [Qc

1, Q
c
2, . . . , Q

c
q] ∈ Rk1×qk1

with Qc
r ∈ Rk1×k1

, r ∈ Dq . The PDV evolves according to the
following ordinary differential equation:⎧⎨

⎩
d
dtE{�x(t)} = Qc

E {(�u(t)⊗ Ik1
) �x(t)}

y1(t) = h1(x(t))

E{�x(0)} =: px
0 ∈ Pk1

(44)

where h1 : Dk1
→ Dη .

The reference system is a CT-MC with state variable z(t) ∈
Dk2

and output variable y2(t) ∈ Dη . Its dynamics is governed by
TRMQ ∈ Rk2×k2

and obeys the following ordinary differential
equation: ⎧⎨

⎩
d
dtE{�z(t)} = QE{�z(t)}
y2(t) = h2(z(t))

E{�z(0)} =: pz
0 ∈ Pk2

(45)

where h2 : Dk2
→ Dη .

Definition 7: The output regulation problem for system (44)
and reference (45) is solved if there exists a state feedback
controller

�u(t) = K (�x(t)⊗ Ik2
) �z(t) (46)

such that the output synchronization condition

lim
t→∞Pr {y1(t) = y2(t)} = 1 (47)
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holds for all initial PDV px
0 ∈ Pk1 and PDV pz

0 ∈ Pk2 .
Assuming the conditional independence of x(t) and z(t), we

define the augmented synchronization variable

�ξ(t) := (�x(t)⊗ Ik2
) �z(t).

Based on this assumption, one can transform the output reg-
ulation problem into an asymptotic O-stabilization problem in
distribution for the CT-CMC with state �ξ(t), where the synchro-
nization set is

Ok1k2
:=

{
(i, j) ∈ Dk1

× Dk2
|

(H1 ⊗H2)(δ
i
k1

⊗ Ik2
)δjk2

= Mηδ
s
η ∀s ∈ Dη

}
(48)

where H1 and H2 are structure matrices of h1 and h2, respec-
tively. This formulation enables a direct application of Theo-
rems 2 and 6 to the output regulation problem.

Theorem 8: The output regulation of system (44) and refer-
ence (45) can be achieved under state feedback control (46) if
and only if there exists a vector λ ∈ Rk1k2 satisfying

λ̄��ξ ≥ 0, ∀�ξ ∈ Dk1k2

λ̄�Q̄c�ξ ≤ 0, ∀�ξ ∈ I∗(Ok1k2
)

λ̄�Q̄c�ξ < 0, ∀�ξ ∈ Dk1k2
\I∗(Ok1k2

)

where

Q̄c :=
[
Qc(Iqk1

⊗ 1�
k2
)KMk1k2

] ∗ (1�
k1

⊗ Ik2

)
+
[
(Iqk1

⊗ 1�
k2
)KMk1k2

] ∗ [Q(1�
k1

⊗ Ik2
)
] ∈ Rk1k2×k1k2

.

After obtaining λ through Theorem 8, feasible state feedback
controllers can be designed as

�u(t) = K̄�ξ(t) (49)

with

Colξ(K̄) ∈ H̄c
ξ, ξ ∈ Dk.

Here, H̄c
ξ for each x ∈ Dk is constructed according to (39)

subject to the TRM Q̄c as follows:

H̄c
ξ =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

{
δrq ∈ Δq | I�Ok1k2

Q̄c
(
δrq ⊗ Ik1k2

)
�ξ = 0

}
,

for ξ ∈ I∗(Ok1k2
){

δrq ∈ Δq | λ̄�Q̄c
(
δrq ⊗ Ik1k2

)
�ξ < 0

}
,

for ξ ∈ Dk1k2
\I∗(Ok1k2

).

VI. SIMULATING RESULTS

This section presents the following three practical applica-
tions of our theoretical framework:

1) a resource allocation problem in networked systems;
2) a synchronization analysis for tandem queueing systems;
3) a numerical case study of CT-CMNs.

Through these diverse examples, we can demonstrate the ap-
plicability of our method for analyzing various types of CT-MNs
and CT-CMNs, particularly in addressing synchronization and
output regulation challenges.

A. Resource Sharing Problem

In this subsection, we examine the resource-sharing problem
introduced in [31, Sec. 3.3.1], where n distinct processes share

a common resource. Each process operates in two states: a
sleeping state (inactive) and a resource-using state (active).
The system enforces a strict concurrency limit r (1 ≤ r ≤ n),
meaning that any process attempting to transition from the
sleeping state to the resource-using state will be immediately
blocked and forced back to the sleeping state if r processes are
already actively using the resource.

This model captures two well-known cases: 1) when r = 1, it
simplifies to the classic mutual exclusion problem; and 2) when
r = n, all processes operate independently without contention,
as the resource can accommodate every process simultaneously.
To formalize the process dynamics, we define for each process
i ∈ Dn that λi is the activation rate at which process i initiates a
resource request from the sleeping state, andμi is the release rate
at which process i relinquishes the resource upon completing its
task.

In what follows, we model each process i ∈ D as a two-state
CT-MC: Sleeping and Using. Let xi(t) ∈ {Sleeping,Using}
be the state of process i at time t, and denote by x :=
(x1, x2, . . . , xn)

� ∈ {Sleeping,Using}n the system state. The
congestion control is governed by a Boolean-valued resource
availability function

f(x) =

{
1,

∑n
j=1 |{xj = Using}| < r

0,
∑n

j=1 |{xj = Using}| ≥ r.
(50)

Here, f(x) = 1 indicates resource availability (i.e., fewer than
r processes in Using state), while f(x) = 0 denotes the resource
congestion.

The transition dynamics for process i ∈ Dn are specified as
follows:

1) process i transfers from Sleeping to Using at rate λif(x);
2) process i remains Sleeping at rate −λif(x);
3) process i transfers from Using to Sleeping at rate μi;
4) process i remains Using at rate −μi.

This yields the state-dependent TRM Qi(x) for process i ∈
Dn as

Qi(x) =

[−λif(x) μi

λif(x) −μi

]
, ∀x ∈ {Sleeping,Using}n. (51)

Thus, the resource-sharing system can be formally modeled as
a CT-MN composed of n interacting CT-MCs, where each com-
ponent process i ∈ Dn evolves according to its state-dependent
TRM Qi. This networked structure captures both the individual
process dynamics and their coupling through the shared resource
constraint.

To validate our theoretical framework, we instantiate the
model with specific parameters: n = 3 processes sharing r = 3
resource units, with homogeneous transition rates λi = 1 and
μi = 2 for all i ∈ D3. Fig. 2 depicts the network structure of the
three-node resource sharing model. Adopting the state encoding
Using ≡ δ12 and Sleeping ≡ δ22 , we derive the state-dependent
TRM as

Q1 =

[
0 −1 −1 −1 2 2 2 2
0 1 1 1 −2 −2 −2 −2

]
∈ R2×8

Q2 =

[
0 −1 2 2 −1 −1 2 2
0 1 −2 −2 1 1 −2 −2

]
∈ R2×8

Q3 =

[
0 2 −1 2 −1 2 −1 2
0 −2 1 −2 1 −2 1 −2

]
∈ R2×8.
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Fig. 2. Graphical illustration of the resource sharing model.

By Theorem 1, the resource-sharing CT-MN admits an equiv-
alent representation as a single CT-MC with the TRM as follows:

Q =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 2 2 0 2 0 0 0
0 −4 0 2 0 2 0 0
0 0 −4 2 0 0 2 0
0 1 1 −5 0 0 0 2
0 0 0 0 −4 2 2 0
0 1 0 0 1 −5 0 2
0 0 1 0 1 0 −5 2
0 0 0 1 0 1 1 −6

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ R8×8.

Next, we consider the synchronization problem of this
resource-sharing system, and thus, assign the target state �xe =
δ18 , which corresponds to the case ofxe = (Using,Using,Using).
By Lemma 4, the equivalent CT-MC admits a Lyapunov function
vector

λ = [0, 2, 5, 4, 2, 3, 4, 4]� .

Therefore, one can yield that, for any initial distribution, this
resource-sharing system is stable at state (Using,Using,Using)�,
which is also clear from the trajectories of probabilityPr{x(t) =
xe} depicted in Fig. 3.

B. Tandem-Queue Problem

Consider the tandem-queue model introduced in [32], which
consists of two cascaded queues. In this model, customers arrive
at the first queue with rate λ and are served at rate μ1. Upon
service completion, they proceed to the second queue with
probability p or exit the system with probability 1− p. The
system architecture is illustrated in Fig. 4.

The model defines the following two possible states for cus-
tomers: 1) entering the system, denoted by 1, and 2) getting the
service, denoted by 2. This structure forms a leader-follower
CT-MN. The TRM of the leader CT-MC, Qm, is given by

Qm =

[−λ μ1(1− p)
λ −μ1(1− p)

]
∈ R2×2

Fig. 3. Trajectories of probability Pr{x(t) = xe} with initial PDV p0 ∈
{δ18 , δ28 , . . . , δ88}.

Fig. 4. Graphical illustration of the tandem-queue model.

while the TRM of the follower CT-MC, Qs, is defined as

Qs =

[
0 μ2 0 μ1p
0 −μ2 0 −μ1p

]
∈ R2×4.

By Theorem 7, the TRM Qms of this leader-follower CT-MN
can be calculated as

Qms = Qm ⊗ I2 +
(
I2 ⊗ 1�

2

) ∗Qs.

For the parameter values λ = 13, p = 0.7, μ1 = 20, μ2 = 30,
we obtain

Qms =

⎡
⎢⎣
−13 30 6 0
0 −43 0 6
13 0 −6 14
0 13 0 −20

⎤
⎥⎦ .

In the synchronization problem, the set of convergence states is
given by

Se =
{
(1, 1)�, (2, 2)�

}
.

According to Theorem 7, there does not exist a suitable vector
λ for this configuration. However, if we instead consider the
modified set as

Λ =
{
(1, 1)�, (2, 1)�

}
there exists a solution vector λ satisfying the conditions of
Theorem 7, specifically

λ = [0, 10, 0, 8]� .

Consequently, although this leader-follower CT-MN does not
achieve complete synchronization, it exhibits asymptotic syn-
chronization toward the state (1, 1)� with a stationary prob-
ability of 0.3, as demonstrated in Fig. 5. Furthermore, this
system is asymptotically Λ-stable in distribution, as defined in
Definition 1 and indicated in Fig. 6.
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Fig. 5. Trajectories of Pr{x(t) = (1, 1)} with initial PDV p0 ∈ Δ4.

Fig. 6. Trajectories of Pr{x(t) ∈ Λ} with initial PDV p0 ∈ Δ4.

C. Output Regulation of Numerical CT-CMNs

In this subsection, we present a numerical simulation for the
output regulation problem in CT-CMN (44). The TRM Qc =
[Qc

1 Q
c
2] is given as

Qc
1 =

[−3 2 −1 4
3 −2 1 −4

]
, Qc

2 =

[−5 0
5 0

]

and the feedback gain matrices of h1 and h2 are designed as

H1 =

[
1 1
0 0

]
, H2 =

[
0 1
1 0

]
.

This system admits an equivalent representation in the form{
d
dtE

{
�ξ(t)

}
= Q̄c (�u(t)⊗ I4)E

{
�ξ(t)

}
�y(t) = H�ξ(t)

where �ξ = �x⊗ �z represents the composite state vector, H =
H1 ⊗H2 = δ4[2, 1, 2, 1] is the output matrix, and

Q̄c =

⎡
⎢⎣
−8 0 2 0 −6 0 4 0
5 −3 0 2 5 −1 0 4
3 0 −7 0 1 0 −9 0
0 3 5 −2 0 1 5 −4

⎤
⎥⎦ .

According to (48), the desired synchronization set O4 is
computed as

O4 = {(1, 2), (2, 2)} ∼ {2, 4} ⊆ D4.

To achieve our output regulation objective, we begin by com-
puting the invariant set I∗(O4) for the desired synchronization
set O4. Our analysis reveals that I∗(O4) = O4, indicating that

Fig. 7. Trajectories of Pr{x(t) ∈ Se} with initial PDV p0 ∈ Δ4.

O4 is itself invariant. For each state ξ ∈ I∗(O4), we define the
admissible control set

H̄c
ξ =

{
δr2 ∈ Δ2 | I�O4

Q̄c(δr2 ⊗ I4)�ξ = 0
}
=

{
δ12 , δ

2
2

}
By considering the averaged dynamics matrix Q =

Qc
1+Qc

2

2 ∈
R4×4, we construct a Lyapunov function V (�ξ) = λ̄��ξ for CT-
MC {Q} with the coefficient vector:

λ̄ = [2, 0, 3, 0]� .

For transient states ξ ∈ {1, 3}, we further define the admissi-
ble control set

H̄c
ξ :=

{
δr2 ∈ Δ2 | λ̄�Q̄c(δr2 ⊗ I4)�ξ < 0

}
=

{
δ12 , δ

2
2

}
.

Consequently, output regulation of this CT-CMN can be
achieved through state feedback controller (49) with K̄ as

Coli(K̄) ∈ {
δ12 , δ

2
2

}
, i ∈ D4.

As a concrete example, consider the feedback gain matrix

K̄ =

[
1 0 0 1

0 1 1 0

]
.

Fig. 7 demonstrates the system trajectories under this con-
troller, clearly showing the convergence to the desired output
regulation objective from various initial conditions.

VII. CONCLUSION

In this article, we have established a state-space representa-
tion for CT-MNs and CT-CMNs by introducing the coupling
Markov property and conditional independence property. Our
framework has not only clarifies the relationship between the
state-space representation of CT-MNs and prior work [25], but
also unifies these perspectives within a generalized formalism.
From a Lyapunov-based control perspective, we have designed
state feedback controllers through solutions to linear program-
ming problems, providing an energy-decreasing interpretation
of system stabilization. The proposed methodology has resolve
two previously ill-posed problems: synchronization in leader-
follower CT-MNs and output regulation for CT-CMNs. While
these applications serve as our primary focus, the developed
approach has also naturally extended to broader set stability and
set stabilization problems.
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