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Abstract—Connectivity characterizes the ability of information
transmission in systems modeled by complex networks. It is essen-
tial to develop an efficient connectivity determination algorithm
with low time complexity and minimal storage requirements.
To fulfill this need, a connectivity determination algorithm is
designed by incorporating Tarjan’s algorithm to identify strongly
connected components and leveraging a depth-first search idea
to traverse the reachability. This algorithm can ascertain strong
connectivity, unilateral connectivity, and weak connectivity of
complex directed networks. Besides, the accessibility matrix of
complex directed networks is computed and visualized through
an interface. As this algorithm relies on only two depth-
first searches to accomplish connectivity determination tasks,
its computational complexity does not exceed O(n2), where n
denotes the number of network nodes. Experiments carried
out on some specific networks reveal that the probability of
network connections decreases with the increasing number of
nodes in directed injective graphs, while in Erdős–Rényi graphs,
the likelihood of connections increases as the number of nodes
increases. Finally, a comparative example and an application
example are provided to demonstrate the effectiveness of the
algorithm program.

Index Terms—Complex directed networks, connectivity, depth-
first search, random graph, Tarjan’s algorithm.

I. INTRODUCTION

In graph theory, networks are graphs with weighted arcs,
while complex networks are characterized by non-trivial topo-
logical features, distinguishing them from simple networks.
These non-trivial topological features manifest in structural
complexity, network evolution, connection diversity, dynamic
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complexity, node diversity, and meta-complication [1], [2].
Connection diversity encompasses directed arcs and varying
weights [1], [3]. Specifically, complex networks with directed
arcs are called complex directed networks. Complex directed
networks find diverse applications across various domains,
such as multi-agent systems [4]–[7], biological networks [8]–
[13], the World Wide Web [14], [15], traffic dynamics [16],
[17], and electrical power grids [18], [19].

Studying the connectivity structure, particularly focusing
on strong connectivity, unilateral connectivity, and weak con-
nectivity, plays a crucial role in the applications of complex
directed networks [20], [21]. To elaborate, strong connectivity
demands that every vertex in the directed graph possesses
a directed path to each and every other vertex, unilateral
connectivity mandates that each vertex in the directed graph
has a directed path either to or from every other vertex, and
weak connectivity stipulates that the underlying undirected
graph is strongly connected [22].

The significance of determining strong, unilateral, and weak
connectivity in complex networks can be exemplified by
decentralized systems, leader-follower networks, and mobile
computing networks, respectively. In decentralized systems
such as multi-robot systems, robots collaborate to achieve
globally defined objectives based on decentralized control
instructions [23], indicating the absence of a central computing
unit. The communication structure among these robots is often
modeled as a complex directed network [24], where strong
connectivity is crucial for ensuring high-precision information
exchange to facilitate efficient cooperation among robotic
systems [25]. The importance of unilateral connectivity can be
exemplified in leader-follower multi-agent systems [26], where
the communication network can also be conceptualized as
complex directed networks. Unlike the decentralized system,
strong connectivity may not always be obligatory in such
scenarios, given the lesser need for bidirectional commu-
nication between leaders and followers. Instead, the focus
often lies on unilateral connectivity from leaders to followers.
Weak connectivity finds relevance in mobile computing [27].
With advancements in mobile communications, mobile servers
encounter weakly connected networks with constraints like
low bandwidth, high latency, or high expense. Therefore,
effectively utilizing weak connectivity is essential for mobile
file systems to ensure uninterrupted data access during tem-
porary network or server outages, commonly referred to as
disconnected operations [28].

Several algorithms are utilized to determine strong connec-
tivity in complex networks. Initially, the depth-first search
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(DFS) algorithm, which is essentially a recursive method
for graph traversal, starts at the root node and explores as
deeply as possible along a single path before backtracking
[29]. Typically, DFS has a time complexity of O(max{n,m}),
determined by the larger order of magnitude between n and
m, where n represents the number of nodes and m represents
the number of arcs. However, since DFS needs to be exe-
cuted on each node, the overall time complexity escalates to
O(nmax{n,m}). Second, Tarjan’s algorithm [29] or the Gabow
algorithm [30], which builds upon DFS, has a time complexity
of O(max{n,m}). Specifically, Tarjan’s algorithm, which is
based on DFS, assigns a unique identifier to each node
and computes low-link values to identify strongly connected
components (SCCs) in a graph. Third, the Floyd Warshall
algorithm, used to find the shortest paths between any two
nodes in a directed network, determines node connectivity with
a time complexity of O(n3). However, these algorithms do not
account for unilateral connectivity.

Recent research [20] introduces an extended Warshall’s
algorithm to determine both strong and unilateral connectivity
by creating an accessible matrix that records the connectivity
between any node pairs within complex directed networks.
While the integrated algorithm proposed in [20] for deter-
mining strong and unilateral connectivity maintains a high
time complexity of O(n3), surpassing the aforementioned
three algorithms, this study aims to explore an enhanced
algorithm with reduced time and storage complexity. Fur-
thermore, various studies have investigated the connectivity
characteristics of complex networks, including the work by
Broder et al. [31]. In their research, they utilized a large-scale
web crawl to create a comprehensive representation of the
entire web graph as a database, and then analyzed aspects
such as macroscopic structure, diameter, connectivity, and
degree distributions of the complex web network. Furthermore,
they introduced Connectivity Server 2, a robust infrastructure
featuring optimized data compression, a host database, and
high-performance data access on a high-end machine equipped
with sufficient Random-access Memory. While Broder et al.
provide valuable insights into the connectivity structure of the
web, their discussion of a BFS-based connectivity determina-
tion algorithm lacks emphasis on enhancing its time or space
efficiency. This underscores the necessity for the development
of more computationally efficient algorithms.

This paper develops a connectivity determination algorithm
to assess strong, unilateral, and weak connectivity in complex
directed networks. Its time complexity is reduced from O(n3)
in [20] to a maximum of O(n2), by combining Tarjan’s
algorithm with the DFS algorithm. In addition, the memory
storage demand has been reduced from O(n2) in [32] to a more
efficient O(n) by exclusively tapping into the DFS recursion
stack, since the connectivity determination process does not
require the accessible matrix. Furthermore, a “Connectivity
Calculator for Complex Directed Networks” has been designed
to expedite the process of determining connectivity and com-
puting the accessible matrix for a specified complex directed
network. Finally, connectivity analysis has been performed
on several specific networks. It discovers that as the number
of nodes increases in a directed injective graph, achieving

connectivity becomes progressively more difficult. In contrast,
a larger Erdős–Rényi graph model exhibits a higher propensity
to establish connectivity even with exceedingly low edge
probabilities.

The remainder of this paper is arranged as follows. Section
II presents the system description and problem formulation.
We then proceed in Section III to design the connectivity deter-
mination algorithm. In Section IV, an analysis of connectivity
results for several common types of complex directed networks
is provided. Finally, a comparative example and an application
example are illustrated in Section V, while Section VI briefly
concludes this paper.

II. PROBLEM FORMULATION

This section will introduce some definitions associated with
complex directed networks, and then formulate their strong
and unilateral connectivity problems.

Complex directed network is defined as G := (V,E), where
V := {v1,v2, . . . ,vn} is a node set, and E := {(u,v) | u,v ∈ V}
is an arc set. For (u,v) ∈ E, u is called the parent node of
v, while v is called the child node of u. For node u ∈ V, its
in-degree, denoted by id(u), is the number of nodes pointing
to node u; its out-degree, denoted by or(u), is the number of
nodes pointed by node u. Node u ∈ V is called root node if
its in-degree is 0. Let Nin(u) and Nout(u), respectively, be the
sets of parent nodes and child nodes for node u. If v j can
be reached from vi via a series of nodes (v1,v2, . . .), then the
sequence of nodes (vi,v1,v2, . . . ,v j) is called a path from vi to
v j. Besides, node v j is called the successor of node vi as well
as the nodes v1,v2, . . ., while node vi is called the predecessor
of node v j as well as the nodes v1,v2, . . .. Subsequently, the
connectivity definition of G is presented as follows.

Definition 2.1 (See [20]): In G, if there exists a directed
path from node u ∈ V to node v ∈ V, then v is said to be
reachable from u. If any two nodes in G are reachable to each
other, G is said to be strongly connected. If, for any two nodes
in G, there is at least one node reachable to the other, the
network is said to be unilaterally connected. After converting
the directed network G to an undirected network Ḡ, if any two
nodes within Ḡ are reachable to each other, then G is said to
be weakly connected.

The interconnectedness of these network characteristics is
indicated by the Venn diagram in Fig. 1. If a network is
strongly connected, it is also unilaterally connected, weakly
connected, and irreversible. Similarly, if a network is unilat-
erally connected, it is also weakly connected and irreversible.

Definition 2.2 (See [20]): For a directed network that is not
strongly connected, its maximal subgraph where every pair
of nodes is mutually reachable is called a strongly connected
component (SCC) of this directed network.

Regarding complex directed network G, let P := (pi j)n×n be
its accessible matrix, defined as

pi j =

{
1, v j is reachable from vi,

0, v j is not reachable from vi.
(1)

To minimize the additional space utilized, linked lists and
adjacency lists are employed. A linked list is a data structure
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Fig. 1. Venn diagram showing the interrelationship among strongly connected,
unilaterally connected, and weakly connected networks.

comprising a data field, like an integer, along with a reference
to the next node in the list. On the other hand, an adjacency
list depicts a graph using an array of linked lists. Each index
of the array serves as the head of a linked list; each head
signifies a node, and the corresponding linked list retains all
adjacent nodes of that head node.

III. CONNECTIVITY DETERMINATION ALGORITHM

In this section, we develop algorithms with reduced com-
putational complexity to consecutively determine the connec-
tivity of complex directed network G, encompassing strong
connectivity, unilateral connectivity, and weak connectivity.

A. Strong Connectivity

Here, we design an improved algorithm to determine the
strong connectivity of G by combining Tarjan’s algorithm and
a DFS technique.

First, we use the DFS-based Tarjan’s algorithm to find SCCs
in G. For every node u ∈ V, we define two values of the
node stored in two arrays, dfn[u] and low[u], as follows: dfn[u]
records the depth-first number of u, which is the order number
of u to be reached in a DFS. DFS will traverse as far as
possible along each branch until a node has no child node and
then backtrack. Note that if a node has more than one child
node, we assume it goes to the one with a lower serial number
(i.e., in Fig. 2, both nodes 2 and 3 are child nodes of node 1,
and we do DFS on node 2 first). In Fig. 2, if we start DFS
from node 1 (in future examples, we all assume DFS starts
from node 1), then it will traverse all the way down to node
2, node 4, and node 7. As node 7 does not have a child node,
it will backtrack to node 4 and traverse to node 6. For node 6
also has no child node, and all child nodes of node 4 have been
visited, it will backtrack to node 2 and reach node 5. Finally,
it goes back to node 1 and visits node 3. As a result, one
derives dfn[1] = 1,dfn[2] = 2,dfn[3] = 7,dfn[4] = 3,dfn[5] =
6,dfn[6] = 5,dfn[7] = 4.

To introduce low[u], we first define what a back arc is: in G,
if the child node v of node u is also its predecessor node, the
arc (u,v) is called a back arc. Then, low[u] records the node
with the lowest depth-first number that node u can reach:

low[u] =min{
dfn[u],
min{low[w] | w is a child node of u} ,

1 2

3

4

5 6

7

8

Fig. 2. An illustrative example of a directed network.

min{dfn[v] | (u,v) is a back arc} .}
In Fig. 2, for node 5, it has dfn[5] = 6 but low[5] = 1 since

it has a back arc to node 1, which has dfn[1] = 1. By resorting
to low[u] and dfn[u], we design Algorithm 1 to calculate the
SCCs and determine the strong connectivity of G.

Algorithm 1: Determine the strong connectivity and
find all SCCs of G via Tarjan’s algorithm.
Input: Node u ∈ V.
Output: All the SCCs of G and an integer K as the

number of SCCs.
1 dfn counter = 0; ▷ dfn number counter
2 K= 0; ▷ SCC counter
3 scc[MAX]; ▷ store nodes of each SCC into an array of

linked list
4 for u ∈ V do
5 if u is not visited then
6 tarjan(u);

7 Function tarjan(u)
8 label u as visited;
9 dfn[u] = low[u] = ++dfn; ▷ initially set low[u] to

be the current dfn number
10 Stack.push(u);
11 for each v ∈ Nout(u) do
12 if v is not visited then
13 tarjan (v);
14 low[u] = min(low[u], low[v]); ▷ update low[u]

15 else
16 if v in Stack then
17 low[u] = min(low[u],dfn[v]) ▷ a back

arc detected

18 if dfn[u] == low[u] then
19 K++; ▷ an SCC detected and add one to K
20 while u! = v do
21 v = Stack.pop;
22 add v into scc[K];

23 return;

In the initialization of Algorithm 1, we create dfn counter
to keep track of the depth-first number during DFS, K to
record the number of the SCCs in G, and array scc[·] to
store the group of nodes in each SCC. Based on the DFS,
Tarjan’s algorithm loops through nodes of the directed graph.
For every node u that has not been visited, set dfn[u] to the
temporary dfn counter number (dfn counter increases by 1
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when visiting a new node), let the initial low[u] be equal to
dfn[u], and push u into the stack.

Then, for every child node v of u, if v has been visited and
is still in the stack, it turns out that (u,v) is a back arc as u
reaches a lower dfn counter value, and low[u] will be updated
to dfn[v]. Take Fig. 2 as an example, low[4] initially equals to
6 (dfn[4] = 6), but as (6,1) is a back arc, low[4] = dfn[1] = 1.
If a child node v of u has not been visited, tarjan(v) will
be executed. After the recursion, low[u] may be updated by
comparing to low[v] : low[v] is likely to be lower than low[u],
because v may reach the lower node via a back arc. For
instance, node 2 has low[2] = 1 in Fig. 2, since its child node
5 has an arc back to node 1.

After looping through all child nodes of node u, if dfn[u] =
low[u], an SCC is detected. To record the detection, 1 is added
to the counter K. The top elements of the stack will be popped
and added to the array scc[K] in sequence until the top element
is node u itself. By doing this, all nodes added as a whole will
be recognized as an SCC. For example, during tarjan(7),
as dfn[7] = low[7] = 4, then only node 7 would be popped
from the stack (node 7 is the top node of the stack). Thus,
{7} will be recognized as an SCC.

In Algorithm 1, variable K counts the number of SCCs and
determines whether G is strongly connected: if K> 1, network
G is not strongly connected. Next, we reveal the effectiveness
of Algorithm 1 to determine the strong connectivity of G.

Theorem 3.1: Complex directed network G is strongly
connected if and only if Algorithm 1 outputs K= 1.

Proof: (Necessity.) Assume that G is strongly connected.
Then, for every node u ∈ V, low[u] = 1. It is because the low
attribute records the lowest dfn number it could reach, while
every node points to the root node with dfn of 1 due to strong
connectivity. Hence, there will only be once (when u is the
root node) such that dfn[u] == low[u] and K++ will only be
triggered for once. As the initial value of K is 0, K= 1 under
the circumstance that K is strongly connected.

(Sufficiency.) If K = 1, based on the operation of the
algorithm, it implies that there is only one SCC in G. As SCC
is the extremely large strong connected subgraph in a graph
[22], it turns out that the entire G is strongly connected.

Algorithm 1 divides the original graph into several SCCs,
from which we can construct a reduced network G̃ = (Ṽ, Ẽ),
where Ṽ= [1,K] and Ẽ=

{
(v,w),v,w ∈ Ṽ

}
. As shown above,

Fig. 2 can be reduced to Fig. 3 with 5 nodes: the original SCCs
C1 = {1,2,3,5}, C2 = {4}, C3 = {6}, C4 = {7}, and C5 = {8}
in Fig. 2 are, respectively, nodes 1, 2, 3, 4, and 5 in Fig. 3.

1 2

3

4

5

Fig. 3. An SCC-based directed network for the scale reduction of Fig. 2.

Next, accessible matrix can be established by the action of
depth-first searching the reduced directed network G̃= (Ṽ, Ẽ).

Algorithm 2: Obtain accessible matrix P̃= (p̃i j)n×n of
the reduced directed network G̃ via DFS.

Input: G̃= (Ṽ, Ẽ).
Output: Accessible matrix P̃.

1 P̃← 0K×K. ▷ set all entries of the accessible matrix to
be 0

2 for ũ ∈ Ṽ do
3 if id(ũ) == 0 then
4 DFS(ũ);

5 Function DFS(ũ)
6 Label ũ as visited;
7 for ṽ ∈ Nout(ũ) do
8 if ṽ not visited then
9 R(ũ) = R(ũ) ∪ DFS(ṽ); ▷ further do DFS

on the unvisited node
10 else
11 R(ũ) = R(ũ)∪R(ṽ); ▷ concatenate the

reachable sets of ũ and ṽ

12 for ṽ ∈ R(ũ) do
13 p̃ṽũ = 1; ▷ ṽ is reachable from ũ

14 return R(ũ).

The fundamental idea of Algorithm 2 is to loop through
every node of G̃= (Ṽ, Ẽ) via the DFS. For every node ũ whose
in-degree is 0, set them as the root node of DFS(·). Then,
for every child node ṽ of ũ, if ṽ has not been visited, proceed
to DFS(ṽ). After the recursion, R(ũ), which is the set of
reachable nodes for ũ, can be updated to the union of sets R(ũ)
and R(ṽ) (during the recursion, R(ṽ) has been updated). Then,
for every node ṽ in R(ũ), it holds p̃ṽũ = 1. The accessible
matrix P̃ of the SCC-based network G̃ could be established
after all nodes have undergone the DFS. For example, the
accessible matrix of the SCC-based network in Fig. 3 is

P̃ =


1 1 1 1 0
0 0 1 1 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0

 .

Note that every node in G̃ = (Ṽ, Ẽ) corresponds to exactly
one SCC in G. Hence, if Algorithm 2 indicates that node ŭ∈ G̃
is reachable to node v̆ ∈ G̃, then all the nodes in SCC Cŭ
are reachable to the nodes in SCC Cv̆. Thus, the accessible
matrix P̃ can reveal the connectivity of both reduced network
G̃= (Ṽ, Ẽ) and original network G. Based on P̃, the accessible
matrix of the original graph is calculated as

P =



1 1 1 1 1 1 1 0
1 1 1 1 1 1 1 0
1 1 1 1 1 1 1 0
0 0 0 0 0 1 1 0
1 1 1 1 1 1 1 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0


.
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Remark 3.1: The adjacency list serves as the input for
Algorithm 1. As the algorithm progresses through the original
network G, each node is visited, pushed into and popped from
a stack once, and all arcs are traversed once. Consequently,
the time complexity of Algorithm 1 is O(max{| V |, | E |}),
where | V | represents the number of nodes and | E | denotes
the number of arcs. Assuming | V |= n, then | E | is at most
n(n−1) in the case of a directed complete graph, where every
pair of nodes u and v is linked by both (u,v) and (v,u). This
results in a time complexity of O(max{| V |, | E |}) = O(n2).
Likewise, Algorithm 2 traverses all nodes and arcs of the
reduced network G̃= (Ṽ, Ẽ) with a computational complexity
of O(max{| Ṽ |, | Ẽ |}) = O(K2). In the worst-case scenario
where K = n, the algorithm still traverses through n nodes,
resulting in an overall time complexity of O(n2). Regarding
storage complexity, in the worst case for Algorithm 1, all
nodes are stored in both Stack and the recursion stack of the
DFS, totaling O(|V |). For Algorithm 2, the storage complexity
includes the recursion stack of the DFS and the storage
space for the accessible matrix, amounting to O(K2). It is
notable that the general storage complexity of both Algorithm
1 and Algorithm 2 does not surpass O(n2). However, as the
determination of strong connectivity relies solely on Algorithm
1, this task will only occupy space of no more than O(n). In
contrast, a recent study [20] introduces an algorithm with a
time complexity of O(n3) for determining the connectivity of
G, rendering it more time-intensive compared to our approach.

B. Unilateral Connectivity

Following the results on strong connectivity in Subsection
III-A, one can further determine the unilateral connectivity of
complex directed network G. If G is strongly connected, that
is, K = 1, it is definite that this network is also unilaterally
connected. Then, in this subsection, we will examine the
unilateral connectivity of networks with K> 1.

Note that unilateral connectivity requires that, for any two
nodes i, j ∈ G, either i is in the reachable set of j or j
is in the reachable set of i, that is, i ∈ R( j) or j ∈ R(i).
Thus, to determine the unilateral connectivity, we could count
the number of pairs of nodes in which at least one node is
reachable to the other by improving Algorithm 2.

Based on Algorithm 2, Algorithm 3 initializes a global
variable C at the beginning to count the number of unilaterally
connected pairs. In addition, after establishing the reachable
set of every node, we mark it as used. Then, at the end of each
DFS recursion, we add one to C if, for every node ṽ ∈ R(ũ), ṽ
is not labeled as used or ũ ̸∈ R(ṽ) with ṽ having been labeled
as used. To be specific, if ṽ is not used, we add one to C;
if ṽ is used, it means that the path from ṽ to ũ has triggered
one addition to C, and then we check whether ũ ∈ R(ṽ) and
add one to C if not. This part of the codes means that we
count every two nodes in the SCC-based network G̃ that are
reachable to each other as one pair instead of two to avoid
over-counting. Following this, we prove the effectiveness of
Algorithm 3 in determining the unilateral connectivity of G.

Theorem 3.2: Complex directed network G is unilateral
connected if and only if Algorithm 3 outputs C= K2−K

2 .

Algorithm 3: Determine the unilateral connectivity of
complex directed network G.

Input: G̃= (Ṽ, Ẽ).
Output: Integer C as the number of unilateral

connected pairs.
1 int C= 0; ▷ the counter to record the number of

unilateral connected pairs
2 for ũ ∈ Ṽ do
3 if id(ũ) == 0 then
4 DFS(ũ);

5 Function DFS(ũ)
6 Label ũ as visited;
7 for ṽ ∈ Nout(ũ) do
8 if ṽ not visited then
9 R(ũ) = R(ũ) ∪ DFS(ṽ);

10 else
11 R(ũ) = R(ũ)∪R(ṽ);

12 Label ũ as used;
13 for ṽ ∈ R(ũ) do
14 if ṽ is not used || ũ ̸∈ R(ṽ) then
15 C++; ▷ C++ triggered after checking

that ũ ∈ R(ṽ) has not been counted

16 return R(ũ).

Proof: (Necessity.) Assume that G is unilaterally con-
nected, then the SCC-based graph G̃ is also unilaterally
connected as each node in G̃ corresponds an SCC in G. During
the execution of Algorithm 3, C++ is triggered for every
pair of nodes if one node is reachable to the other node or
if both nodes are reachable to each other. Finally, as G̃ is
unilaterally connected, C increments for every pair of nodes,
resulting in that C equals to the total number of node pairs in
G̃ as (K×K−K)÷2 = K2−K

2 .
(Sufficiency.) After determining the value of C, we compare

it with the number of nodes in the SCC-based network, K.
Given that network G̃ comprises K nodes, there exist K2−K

2
pairs of nodes. If C= K2−K

2 , both the reduced network G̃ and
the original network G are unilaterally connected. If not, it
indicates that at least one pair of nodes in G̃ or all nodes
within two SCCs of G are not mutually reachable, negating
the unilateral connectivity of both G̃ and G.

Remark 3.2: The incremental operation “C++” in Algo-
rithm 3 takes constant time complexity of O(1), thereby not
impacting the overall time complexity of our algorithm for
determining unilateral connectivity, which remains at O(n2).

Remark 3.3: In this paper, the main role of the accessible
matrix is to depict the detailed connectivity among all nodes.
It is not indispensable solely for determining the strong and
unilateral connectivity of the complex directed network, as
the former hinges on the value of K while the latter relies on
C. In contrast to [20], Wang et al. utilizes the accessibility
matrix for connectivity determination. Similarly, in [32], Zhu
et al. presented a technique that integrates Tarjan’s algorithm
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and DFS algorithm to ascertain the controllability of Boolean
control networks, which also necessitates the use of the acces-
sibility matrix. Consequently, both approaches exhibit a space
complexity of O(n2). However, if our method only focuses
on determining strong and unilateral connectivity, Algorithm
1 and Algorithm 3 suffice, requiring only O(n) extra space
instead of O(max{K2,n}) as noted in Remark 3.1. Hence, the
space complexity is lower than O

(
n2
)

as in [20] and [32].

C. Weak Connectivity

In particular, if complex directed network G is unilaterally
connected, it must be weakly connected. It is because uni-
lateral connectivity guarantees that there is a directed path
between any two nodes of G; after removing all directions, it
is definite that any two nodes of the underlying undirected
network Ḡ are reachable to each other, which meets the
requirement of weak connectivity. Then, for G that is neither
strongly connected nor unilaterally connected, we improve
Algorithm 1 to determine whether it is weakly connected.

In Algorithm 4, we initially transform the directed network
G into the undirected network Ḡ. We loop through the node
list V of G. For each node u, we then loop through its child
nodes set, Nout(u). If we find any v in Nout(u) that lacks an arc
back to u, we include u in Nout(v) (i.e., adding an arc (v,u)).

Theorem 3.3: Complex directed network G is weakly con-
nected if and only if Algorithm 4 outputs W = 1.

Proof: After converting the directed network G to the
undirected network Ḡ, we run Algorithm 1 again on Ḡ, while
the difference is that we remove scc[·] and the counter K, but
add a new counter W to record the number of SCC in Ḡ.
Thus, the proving process of Theorem 3.3 can be referred to
as Theorem 3.1.

Remark 3.4: The change of Algorithm 4 is a nested loop at
the beginning: one to loop through all nodes and another to
loop through all child nodes of each node. Thus, it will cause
an extra time complexity of O(n2) and there will be no extra
space used. However, as the remaining part is the same as
Algorithm 1, the overall time complexity of Algorithm 4 still
does not exceed O(n2), and the storage complexity is O(n).

IV. CONNECTIVITY IN SOME SPECIFIC NETWORKS

Building upon the aforementioned algorithms, the corre-
sponding Python implementation can be found at the following
link: https://github.com/zzy1130/Connectivity-Determination-
Algorithm-for-Complex-Directed-Networks.git. Furthermore,
an interactive visualization interface, named “Connectivity
Calculator for Complex Directed Networks”, is developed to
evaluate the network connectivity and generate the accessible
matrix for any given complex directed network.

To use the tool, the user should provide the adjacency matrix
of the network as an input, which indicates the presence of
arcs between pairs of nodes. Upon inputting the matrix, users
can click the “Generate Accessible Matrix” button to trigger
the calculation process. The tool will then display the results,
including the SCC node list, a representation of the reduced
graph, the type of connectivity exhibited by the network, and

Algorithm 4: Determine the weak connectivity of
complex directed network G.
Input: node u ∈ V
Output: An integer W to determine the weak

connectivity
1 dfn counter = 0;
2 W = 0; ▷ the counter to record the number of SCC of

Ḡ
3 for u ∈ V do
4 if u is not visited then
5 for each v ∈ Nout(u) do
6 if u /∈ Nout(v) then
7 add v into Nout(u); ▷ if there exists an

arc (u,v), then add arc (v,u)

8 for u ∈ V do
9 if u is not visited then

10 label u as visited;
11 tarjan(u);

12 Function tarjan(u)
13 label u as visited;
14 dfn[u] = low[u] = ++dfn counter;
15 Stack.push(u);
16 for each v ∈ Nout(u) do
17 if v is not visited then
18 tarjan (v);
19 low[u] = min(low[u], low[v]);

20 else
21 if v in Stack then
22 low[u] = min(low[u],dfn[v])

23 if dfn[u] == low[u] then
24 W++;
25 while u! = v do
26 v = Stack.pop;

27 return;

Fig. 4. Visualization interface of the connectivity determination tool.
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the accessible matrix (also known as the reachability matrix)
that depicts the reachability relationships among nodes.

Subsequently, experiments are carried out using this algo-
rithm on diverse complex directed networks, encompassing
a 1000-node directed network, directed injective graphs, and
Erdős–Rényi graphs.

A. Connectivity in A Randomly Generated Network

Here, we evaluate the connectivity of a randomly generated
complex directed network comprising 1000 nodes and 2000
edges. The network structure is visualized in Fig. 5, where
the intensity of the nodal color is proportional to the degree
of the node.

Fig. 5. A complex directed network G = (V,E) randomly generated with
|V|= 1000 and |E|= 2000.

Following the execution of Algorithm 1, 405 SCCs are
identified, indicating that the complex network is not strongly
connected. Upon merging these SCCs into nodes, a reduced
network is formed, a reduced network encompassing 405
nodes and 576 edges is formed, as illustrated in Fig. 6.
Utilizing this reduced network, G̃ = (Ṽ, Ẽ), Algorithm 3 and
Algorithm 4 ascertain that this network is neither unilaterally
connected nor weakly connected.

Fig. 6. The SCC-based network G̃=(Ṽ, Ẽ) corresponding to complex directed
network G= (V,E) in Fig. 5.

B. Connectivity in Directed Injective Graphs

Directed injective graphs are a specialized type of directed
graphs where each node has precisely one outgoing edge.
These graphs are commonly employed to depict one-to-one
relationships within systems and are particularly useful in task
scheduling. In this context, each task points to its succeeding
dependent task, establishing a clear execution sequence. In
computer science, network structures are utilized to illustrate
state transitions in finite state machines, effectively capturing
deterministic transitions between states through the use of
directed injective graphs.

In this subsection, we conduct an experimental simulation
to systematically explore and analyze the connectivity charac-
teristics of directed injective graphs with varying numbers of
nodes and edges. For each value of n ranging from 2 to 8,
we generate all possible directed networks, where each node
u∈ {1,2, . . . ,n} is constrained to have only one outgoing edge,
that is, or(u) = 1 for all u ∈ {1,2, . . . ,n}. As a result, there
will be nn possible configurations of directed injective graphs
with n nodes. Subsequently, for each generated network,
we evaluate its connectivity type, classifying it as strong,
unilateral, weak, or unconnected. We then track the number
of networks falling into each connectivity category for every
value of n. The experimental results are visualized in Fig. 7.

Fig. 7. Proportions of strongly connected, unilaterally connected, weakly
connected and unconnected graphs among all directed injective graphs with
n ranging from 2 to 8.

As the number of nodes increases, the proportion of weakly
connected networks shows a gradual decline, the proportion
of unilaterally connected networks exhibits a rapid decrease,
and the proportion of strongly connected networks approaches
zero but does not reach zero. Conversely, there is a significant
increase in the count of unconnected networks. This trend
suggests that the probability of network disconnection rises
with more nodes, making it progressively more challenging
for the directed injective graph to attain strong or unilateral
connectivity.
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C. Connectivity in Erdős–Rényi Model

The Erdős–Rényi model [33] is a fundamental framework
in the realm of random graphs. In this model, a directed
graph is formed by randomly connecting nodes: each edge
is added to the graph with a probability of p, independently
of any other edge. The Erdős–Rényi model finds diverse
applications in various fields such as communication networks,
social networks, power systems, and sensor networks. In
communication networks, this model plays a crucial role in
simulating the stochastic characteristics of network topologies.
It aids in assessing signal transmission efficiency and network
robustness [34]. When it comes to social network analysis, the
Erdős–Rényi model is utilized to depict random connections
among nodes. This representation helps in understanding the
formation of network structures and dynamics in information
propagation [35].

Hereafter, we conduct an analysis involving the generation
of 1000 samples of Erdős–Rényi graphs across a spectrum
of p values, ranging from low to high. Our investigation is
centered on networks comprising 100 and 1000 nodes, with p
values spanning from 0.001 to 0.2 for the 100-node networks
and from 0.0001 to 0.02 for the 1000-node networks. Each
dataset encompasses 200 unique p values. Subsequently, our
developed algorithm calculates the number of SCCs in each
generated graph and then determines the connectivity of the
samples, recording the frequency of each connectivity category
across 1000 samples for every p value. The outcomes of this
analysis are illustrated in Fig. 8 and Fig. 9.

Fig. 8. Average number of SCCs and the proportions of strongly connected,
unilaterally connected, weakly connected and unconnected graphs among
1000 Erdős–Rényi graphs with n = 100 and p ranging from 0.001 to 0.02.

In Fig. 8, for n = 100, several notable patterns are observed
within the range of p values:
• The number of SCCs in the generated random graph

begins to decrease at the p value of 0.01, aligning with
the overall transition in connectivity across all types.

• The proportion of disconnected networks experiences a
significant decrease within the p value range from 0.01 to
0.04. Concurrently, there is a decreasing trend in weakly
connected networks within this range.

• A significant increase in unilateral connectivity is noted
from 0.03 to 0.07, while strong connectivity shows a rise
from 0.04 to 0.09.

• The growth rate of strong connectivity is slower compared
to unilateral connectivity and even slower than that of
weak connectivity.

Fig. 9. Average number of SCCs and the proportions of strongly connected,
unilaterally connected, weakly connected and unconnected graphs among
1000 Erdős–Rényi graphs with n = 1000 and p ranging from 0.0001 to 0.02.

From Fig. 9, it is evident that for n = 1000, the general
trend of connectivity proportions mirrors the pattern observed
for n = 100. However, critical points for the escalation of
each connectivity type manifest at substantially lower p values.
Notably, the proportion of disconnected networks commences
a decrease within the p range from 0.0025 to 0.006. Subse-
quently, there is an uptick in unilateral connectivity from 0.006
to 0.01 and strong connectivity from 0.0063 to 0.012.

Comparing Fig. 8 and Fig. 9, it is apparent that the propor-
tion of strongly connected networks asymptotically approaches
1 at an edge probability of p = 0.10 for n = 100. In contrast,
for n = 1000, this convergence transpires at a markedly lower
threshold of p = 0.012. This observation suggests that larger
networks are more inclined to achieve connectivity even with
exceedingly low edge probabilities.

V. COMPARISON AND APPLICATION

In this section, to indicate the superiority and applicability
of the obtained results, we apply our connectivity determi-
nation techniques to the numerical example in [20] and a
biological example in [36].

A. A Conceptual Example

Here, we study the example in [20], whose transition graph
G is shown in Fig. 10.

Fig. 10. Transition graph of seven-node directed network in [20].

By utilizing Algorithm 1, all SCCs are identified as follows
with K= 5:

C1 = {1},C2 = {2},C3 = {3},C4 = {4,5,6},C5 = {7}.

In Fig. 10, nodes within the same SCC are depicted in
the same color. This leads to the formation of the reduced
directed network G̃=(Ṽ, Ẽ) as shown in Fig. 11. Subsequently,
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employing Algorithm 2, the accessible matrix of G̃ can be
constructed as

P̃ =


1 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 1 1
0 0 0 0 0

 .

Fig. 11. Reduced graph of seven-node directed network in Fig. 10.

Meanwhile, utilizing Algorithm 3, C is determined to be
10. As K = 5 > 1, in accordance with Theorem 3.1, G is
not strongly connected. Since C = 10 = K2−K

2 , according to
Theorem 3.2, G is unilaterally connected. Furthermore, with
the previous confirmation of unilateral connectivity for G, it
is also inferred to be weakly connected.

For the connectivity determination method in [20], it first
employs Warshall’s algorithm to compute the accessible matrix
of the whole graph as

P =



1 1 1 1 1 1 1
0 0 1 1 1 1 1
0 0 0 1 1 1 1
0 0 0 1 1 1 1
0 0 0 1 1 1 1
0 0 0 1 1 1 1
0 0 0 0 0 0 0


.

This step requires n3 + n2 bit operations. The number of
nonzero elements of the matrix is counted to check whether
it is equal to n2 so that the strong connectivity can be
determined with n2 bit operations. Thus, strong connectivity
determination would cost O(n3). Besides, the unilateral con-
nectivity algorithm in [20] includes calculating the number of
non-zero elements in the accessible matrix (requiring n2− n
operations), sorting columns in ascending order using insertion
sort (requiring 0.5n(n − 1) operations), grouping columns
based on equivalent values (requiring n operations), another
insertion sort to sort rows of the matrix (requiring 0.5n(n−1)
operations), calculating nonzero elements in the upper right
corner of the resultant matrix and checking whether it is equal
to 0.5n(n−1) (requiring 0.5n(n−1) operations). In total, its
unified algorithm has a time complexity of O

(
n3
)

and a space
complexity of O

(
n2
)
.

Upon the comparison between the method in [20] and the
established method here on the same numerical example, it
could be found that our algorithm significantly reduces the
time complexity in determining strong and unilateral connec-
tivity of complex directed networks from O

(
n3
)

to O
(
n2
)
.

For space usage, as our method does not need the accessible
matrix to determine strong and unilateral connectivity if not
concerning about the connections among all nodes, space
complexity is also reduced from O

(
n2
)

in [20] to O(n)
here. To better illustrate the comparison, an intuitive table is
provided below.

TABLE I
COMPARISONS ON COMPUTATIONAL COMPLEXITY OF

CONNECTIVITY DETERMINATION ALGORITHMS

Time Complexity Space Complexity
Method in [20] O(n3) O(n2)

Method here O(n2) O(n)

B. A Biological Example

Consider the model of p53 response to DNA damage [37].
Fundamentally, this model revolves around the interactions
between p53 and Mdm2. Here, the protein p53 responds to
DNA damage by regulating the cell cycle and promoting DNA
repair. The protein Mdm2 exists in two forms: cytoplasmic
(Mdm2c) and nuclear (Mdm2n). Protein p53 promotes the
accumulation of Mdm2c, which then translocates to the nu-
cleus and impedes the export of Mdm2n. Conversely, Mdm2n
facilitates the degradation of p53 through ubiquitination, reg-
ulating p53 levels to prevent excessive activity. DNA damage
influences the degradation of Mdm2 in the nucleus, whereas
p53 counteracts DNA damage signals by endorsing DNA
repair mechanisms. The state transition graph of this model
[36] can be depicted by complex directed network G as in
Fig. 12, where each node symbolizes a model state, and each
arc signifies a state transition.

Fig. 12. State transition graph of the model on p53 response to DNA damage.

Based on Algorithm 1, all the SCCs in G can be identified
as follows:

C1 = {20,24},C2 = {12},C3 = V\(C1∪C2),

where nodes of the same color in Fig. 12 belong to the same
SCC. It derives the reduced directed network G̃ = (Ṽ, Ẽ) as
shown in Fig. 13, which consists of only three nodes.

Fig. 13. Reduced complex directed network G̃= (Ṽ, Ẽ).
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Then, by executing Algorithm 2, we derive the accessibility
matrix of G̃ as

P̃ =

 1 1 1
0 0 1
0 0 1

 .

Through Algorithms 1 and 3, or by analyzing the accessibility
matrix P̃, it can be inferred that this biological network is not
strongly connected, but it is unilaterally connected and weakly
connected.

VI. CONCLUSION AND DISCUSSION

In this paper, a connectivity determination algorithm has
been designed to determine the strong connectivity, unilat-
eral connectivity, and weak connectivity of complex directed
networks. An accessible matrix has also been calculated.
It is worth pointing out that our proposed algorithm has
greatly reduced the time complexity from O(n3) in [20] to
not exceeding O

(
n2
)
. Besides, the space complexity of our

algorithm depends on the maximum size of the recursion
stack and the size of the accessible matrix. In the worst-
case scenario, where all nodes are within the stack and the
number of SCCs equals the number of nodes, the space
complexity amounts to O

(
n2
)
. Importantly, the connectivity

determination process only incurs a space complexity of O(n).
Using the developed connectivity determination algorithm, a
series of experiments and discussions have been carried out to
investigate the proportions of strongly connected, unilaterally
connected, weakly connected and unconnected samples within
all generated directed injective graphs or Erdős–Rényi models
as the number of nodes increases. Finally, we have provided a
numerical example and a biological example to elucidate the
connectivity determination procedure.
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