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Input—Output Gain Analysis of Linear Discrete-Time
Systems With Cone Invariance
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Xiujuan Lu

Abstract—This article investigates the input—output gain of
linear discrete-time cone-preserving systems. The cone linear
absolute-norm and cone max-norm, which are applied to describe
input—output gains of cone-preserving systems, are introduced.
Subsequently, by utilizing the property of cone-preserving sys-
tems, several necessary and sufficient conditions to characterize
input—output gains of the system in terms of cone-induced norms
are provided. The results indicate that input—output gains of cone-
preserving systems can be characterized by the static gain matrix.
The duality between the two cone-induced gains is also unveiled.

Index Terms—Cone invariance, input-output gain, positive sys-
tems, static gain.

|. INTRODUCTION

The study of positive systems, characterized by trajectories that
remain within the nonnegative orthant under any nonnegative initial
conditions, has garnered significant interest recently. This is attributed
to their extensive applications in real-world physical processes that
involve nonnegative variables, such as viral infections [8], disease
transmission [1], and electrical networks [14]. Different from positive
systems, the state of systems with cone-invariance resides in a proper
cone rather than the nonnegative orthant. This property enables systems
with cone invariance to not only generalize positive systems, but also
to possess distinct applications involving cooperation and comparison,
such as the rendezvous in multiagent systems [4] and chemical reaction
networks [2].
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Stability and input—output gain, as fundamental properties in ana-
lyzing dynamic systems, have drawn significant attention in the study
of positive systems in recent years. The research revealed some unique
properties for positive systems. As stated in [9, Th. 13], the relationship
between the stability of positive systems and property of the system
matrix has been established. The result also showed that the equivalent
stability condition for linear positive systems is characterized by linear
inequalities. Furthermore, the stability conditions of different types of
positive systems, e.g., time-delayed positive systems [11], [13], [15],
[16], switched positive systems [23], and positive periodic systems [24],
have been extensively analyzed. The foundation of performance anal-
ysis for positive systems is stability. Along this line, when the system
is stable, the input—output performance of positive systems, which is
mainly referred to the L;- and L. -gains has been investigated. In [5],
the analytical formula of L;- and L.,-gain for linear continuous-time
positive systems were given, and the result showed that the L,-gain
of a positive system equals the L..-gain of its dual positive system.
The discrete-time case was taken into consideration in [6] and [18]. It
showed the dc-dominance property of positive systems. In other words,
the input—output gains of positive systems are characterized by the static
gain matrix.

As mentioned before, cone-preserving systems can be viewed as
the generalization of positive systems. The question naturally arises
whether cone-preserving systems also exhibit these unique properties
characteristic of positive systems. Recently, there are some studies
on cone-preserving systems [7], [10], [21]. The research showed that
some unique properties of positive systems are due to cone-preserving
properties rather than nonnegativity. The stability of time-delayed cone-
preserving systems was analyzed in [19], [22], and [25]. These studies
established equivalent asymptotic stability conditions for continuous-
time/discrete-time systems, featuring cone invariance and various types
of time delays. The results indicated that the stability of cone-preserving
systems with time delays remains unaffected by the magnitude and vari-
ation of these delays. Since the stability is a prerequisite condition for
input—output gain analysis, upon examining the stability conditions, in-
vestigating the input—output performance of cone-preserving systems is
alogical step. Shen and Lam [20] applied the cone linear absolute-norm
and cone max-norm instead of the L; - and L ,-norm in positive systems
to describe the input—output performance for linear continuous-time
cone-preserving systems. The result showed that the input—output gain
of the cone-preserving systems is exactly characterized by the static
gain matrix.

Motivated by above works, criteria for analyzing input—output gains
of linear discrete-time cone-preserving systems are investigated in
this article. The definitions of cone linear absolute-norm and cone
max-norm introduced in [20] are recalled first. Equivalent conditions
to guarantee the cone-preserving property and the asymptotic stability
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of the system are introduced. Then, by utilizing the two cone-induced
norms, the characterizations of input—output gains of linear discrete-
time cone-preserving systems are given. Furthermore, equivalent con-
ditions that apply partial order relationship to describe the input—output
gain are also investigated.

Il. PRELIMINARIES

Mathematical notions and cone related definitions are first intro-
duced. To begin, we present the following mathematical notions.
N ={1,2,...} and Ny = {0,1,...}. R™ and R™*"™ denote the sets
of n-dimensional real vector spaces and real matrices with dimensions
n x m, respectively. AT represents the transpose of A. I represents an
identity matrix of a suitable dimension.

Preliminary definitions about cones from [3, Ch. 1] are revisited. Let
set S C R™, S represents the set containing all nonnegative linear
combinations of elements within the set S. 9.5 and intS represent the
boundary and interior of set S, respectively. A cone K is said to be
closed if it satisfies the condition K = K, solid if intK # ©, and
pointed if K N (—K) = {0}. If the cone is closed, solid, and pointed,
it is said to be a proper cone. The dual of cone K is denoted by the set
K*={yeR"|yTz > 0Vz € K}. With the definition of a proper
cone, several partial order relations are introduced. x < y means that
y —a € intK,while z <x ymeansthaty — x € K. Moreover, matrix
A is referred to as a K -nonnegative matrix, if Az € KVx € K.

Definitions related to cone linear absolute-norm, cone max-norm,
and cone-induced matrix norm from [17] are recalled.

Definition 1 ([17]): Given a proper cone K C R"™ and a vector n) €
intK*, the cone linear absolute norm of the vector x € R™ is defined
as

lzll,, . = inf {n"u: —u <k x <k u}.

Remark 1: When z € K, the set Vi = {u | —u =g © <k u}
equals set Vo ={u|u=2+y Vye€ K}, and the cone linear
absolute-norm satisfies

), =inf{n"u:u=2+y VyeK}.

Since 17 € intK*, one can conclude that nTu > nTx. By letting y = 0,
the infimum of nTu is obtained and the cone linear absolute-norm is
calculated by ||z|,,,1 = 7"z, where z € K.

Definition 2 ([20]): Given a proper cone K C R™ and a vector u €
int/, an order interval B, is given as

B, ={z e R" | ~u 2 = <k u}
and the cone max-norm of the vector y € R™ is defined as
[9]lyoo = inf{t >0 |y e tB,}.

It could be found that the cone max-norm ||z||,,~, exhibits monotonic
behavior with respect to cone K (i.e., ||Zlu,00 > ||Ylu,00 for all x =g
Y).

Definition 3 ([3]): Let u € intK, the cone induced operator norm
for the matrix is defined as

= sup

[/l 0=

(AL 00
Moreover, if A is K-nonnegative, then || A||, « = || A4, holds.

I1l. MAIN RESULTS

The definition of system with cone invariance is given, and several
input—output gains of discrete-time cone-preserving system character-
ized by two cone-induced norms are discussed in this section. A linear

discrete-time system is first taken into consideration

z(k+1) = Az(k) + By,w(k)
y(k) = Cz(k) + Dyw(k) (D

where z(k) € R™*, w(k) € R™, and y(k) € R™v are state vector,
disturbance vector, and output vector accordingly. The system matrices
A e R e B, € R"=*"w C ¢ R"*" and D,, € R"v*™w The
definition of a cone-preserving system and an equivalent condition for
this is given.

Definition 4: Given three proper cones K, C R"», K,, C R",
and K, C R™v, system (1) is said to be monotone with respect to
(K4, Ky, Ky) if, for any disturbance w(k) € K, and initial condition
z(0) € K, system (1) satisfies that z(k) € K, and y(k) € K, for all
k € Np.

Lemma 1 ([19], [25]): Given three proper cones K, C R"=,
K, CR", and K, C R™, system (1) is monotone with respect
to (K, Ky, K,) if and only if A is K -nonnegative, B,, K,, C K,
CK,C Ky,and D,K,, C K.

Now, the asymptotic stability of system (1) that is monotone with
respect to (K, K., K,) is considered. As a cone-preserving system
with time delay to be zero, the asymptotic stability criterion in [19] can
be applied to the system (1). Furthermore, an alternative asymptotic
stability condition is proposed, which is derived from the equiva-
lence between Schur stability and asymptotic stability as demonstrated
in [25].

Lemma 2 ([19], [25]): For a linear discrete-time cone-preserving
system (1) with disturbance w(k) = 0Vk € Ny, the following state-
ments are equivalent:

1) system (1) is asymptotically stable;
2) matrix A is a Schur matrix;
3) there exists a vector A € intK, satisfying (A — I)A <x, 0.

Remark 2: Note that, if there exists a vector A € K, satisfying
condition (A — I)A <, 0, one can find a positive scalar [ satisfying
(A—I)(A 4+ 1v') <k, 0forany vector v' > 0. In other words, the
condition that there exists a vector A € K satisfying (A — I)A <k, 0,
is also an equivalent stability condition for system (1). Similar results
for positive systems can be found in [6] and [12, Ch. 2].

Lemma 2 gives an equivalent condition to determine whether system
(1) is asymptotically stable, and it also shows an equivalent condition
to determine whether a K ,-nonnegative matrix is a Schur matrix.

A. Cone Linear Absolute-Norm Induced Gain

In this section, cone linear absolute-norm induced gain is investi-
gated. According to Definition 1, the value of cone linear absolute-norm
can be calculated directly. Combining the asymptotic stability condi-
tion and the definition of cone linear absolute-norm, we can use the
cone linear absolute-norm to describe the input—output performance of
system (1), and theorems are given.

Theorem 1: Given proper cones K., K, and K, and vectors
vy € intK},, vy € intK ; Suppose system (1) is monotone with re-
spect to (K, K, K,) and asymptotically stable. Then, for v €
K, under zero initial conditions, there exists a scalar  such that
S0 I lost < 7S lw(R) o1 holds for all wk) € K,
and the infimum of ~ is

Yo =inf{y} = sup H [C(I—A)"'By, + D,) v” 2)

vg,1 "
Iollay =1 ‘
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Proof: According to state space equation of system (1), when the
initial conditions z:(0) = 0, one has

z(1) = B,w(0)
z(2) = AB,w(0) + B,w(1)

A" B,w(0) + A" 2B,w(l) + - --
+ ABy,w(n —2) + Byw(n —1).

z(n) =
3)

By state space equation of system (1) and (3), the output vector y(k)
satisfies

y(0) = Dyyw(0)
y(1) = CB,w(0) + Dyw(l)
y(2) = CAB,w(0) + CB,w(1) + D,w(2)
y(n) = CA" ' B,w(0) + -+ CAB,w(n — 2)
+ CByw(n — 1) + Dyw(n). “
By Definition 1 and (4), we have
0
D ly®) . = v3 Dow(0)
k=0
1
D 9Ky 1 = 03 (Dww(0) + CByw(0)) + v3 Dyw(1)
k=0
n n—1 n—1-1
Sl =3 | (pve (32 an) 2 ) o)
k=0 1=0 m=0
+ v Dyw(n).
(5)

Since vy CA*1 B, w(ky) > 0 for all k; € Ny and ks € Ny, (5) gives
the inequality

n n—1 n—1
Sl Wl <3 [te (z Am) Buull)
k=0 1=0 m=0
When n — oo, inequality (6) becomes
D My®)lyx < D w3 Duww(®) +
k=0 1=0

1=0
Since system (1) is asymptotically stable, inequality (7) implies

Dyl <03 wz D) +v3CI—A) "By Y w(l)
k=0 1=0

Y wlh) =% lw)
1=0 1=0

holds for all w(k) € K,,. By inequality (8), one can conclude that
Yo is one of the scalar ~y letting inequality >, [[y(k)[lvy,1 <
VY0 (k) oy 1 holds.

Then, our goal is to check whether 7, is infimum of ~, in other
words, whether 7y can reach the value of . Suppose w(0) = v}, where

(6)

m=0

()

®)

Hvl,l

+ Z vy Dyw(l)
1=0

vg C (i A’") wa(l)} .

v} € K, withvTv] = 1,and w(k) = Oforall k > 1. Then, according
to (5), the equation

> llyk)
k=0

holds. When n — oo, (9) gives

ggch\ly st 'B,] vl

By choosing vector v} to maximize the right-hand side of (10), one has

lim > ly(k),,, =
k=0

= 70-

va,l = Ungw

vy C (Z Am> Byw o)} ©)

=vy [Dy+C(I—A) (10)

sup  ||[C(I —A) "By + Dy] vl|

vo,1
Mollyy,1=1 ’

an

The ~y can reach the value of vy and Theorem 1 is proved.

Theorem 1 gives a way of using cone linear absolute norm to describe
the input—output performance of system (1). In our works, cones K,
K, and K,,, and vectors v, and v, are arbitrarily chosen proper cones
and vectors, respectively. When the proper cones K, K, and K,
are positive orthants and vectors v; and v have all entries equal to 1,
(2) turns to the characterization of ¢;-gain of positive systems. For a
positive system, the ¢;-gain cannot only be calculated by the 1-norm
of the transition matrix but also be calculated via linear inequalities. It
arouses our interest whether, for system (1), we can find several partial
order inequalities to characterize the cone linear absolute-norm induced
gain of system (1). The conditions are given in Theorem 2 below.

Theorem 2: Given proper cones K, K,,, and K, and vectors
v1 € intKJ,, va € intK, . Suppose system (1) is monotone with respect

o (K, Ky, K,), system (1) is asymptotically stable and satisfies
S o (5 g < 7 S5 [lw(k)]loy 1 forallnonzero w(k) € K.,
if and only if there exist a scalar v > 0 and a vector p - ¢ 0 satisfying

(A=D"p+CMvy <k 0 (12)

B$p+D$112 <Kz VU1 (13)

Proof: Sufficiency—The asymptotic stability is proved first. Accord-
ing to inequalities (12), the inequality holds as follows:

(A — I)Tp <K; *CT'U2.

Since vy € intK; and Cz’ € K,, for any z’' € K, inequality
vF Cz' > 0 holds. Based on the definition of dual of a cone, C" v, €
K holds. Therefore, when inequality (14) holds, there exists a vector
P =K 0such that (A — ) =<K= 0. Based on Lemma 2, system (1)
is asymptotically stable.

Since y(k) € K, and w(k) € K,,, according to Remark 1, the cone
linear absolute-norm of y (k) and w(k) are written as

(14)

YRy = 2 y(k) (15)
[w(k)l,, , =vi w(k). (16)
Then, the function Y r_ o [|[Y(k)|lva.1 — D peo Yw(E)| vy ,1 is written
as
> (ly®)lyya = lw®,, 1)
k=0
=> (vgy(k) —yvi w(k))

e 1M

[v3 (Cz(k) + Dyw(k)) — yvi w(k)] . 17

ES
Il
=}
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According to inequality (13), (17) satisfies the following inequality:

[v2 (Cz(k) + Dyw(k)) —~yof w(k)]

NE i agE

< (vy Cz(k) — p" Buw(k)) . (18)

el
Il
=}

Based on inequality (12), inequality (18) can be further simplified to

NgE

[ (Ca(k) + Dyw(k)) — 1T w(k)]

£
Il
o

<3 [P - A)z(k) — p" Byw(k)]

[p" (2(k) — x(k +1))]

Il
= 1M 11

[p" (x(0) — z(k))] = p"z(0) = 0. (19)

k—o0

The sufficiency of conditions (12) and (13) in Theorem 2 is proved.
Necessity: According to Theorem 1, inequality

7> [[[CUI = A)' By + Du] v, (20)
holds for all ||v||,, 1 = 1, where v € K. It can be rewritten as
vy [C(I=A) "By + Dyv<r~y 3]

forall ||v|,, 1 = 1,wherev € K,,.Forinequality (21), we firstdefine a
vectorp = (I — A) " T(CTv, + &), wheree > 0and € € intK}. One
can find that p € intK}. Based on inequality (21), it is always the case
that a sufficiently small scalar € > 0 exists, so that

vt (ng + DlTuvg) < yvTo;. (22)

Notice that inequality (22) holds for all v € K,,, and yv; — (BIp +
DZTwv,) € intK;, . Then, we can claim that the vector p satisfies inequal-
ity (13). Furthermore, inequality

(A-D"p+CTva=(A-DTI - A" (CTva +e€) + CT o

= 7CT/U2 — 55 + CTUQ '<K;; 0 (23)

holds. The proof of necessity has been established. g

B. Cone Max-Norm Induced Gain

The cone max-norm induced gain of system (1) is analyzed in
this section. Similar to Section III-A, two theorems will be given to
characterize the cone max-norm induced gain of system (1).

Theorem 3: Given proper cones K, K,,, and K, and vectors vz €
intK,,, v4 € intK,. Suppose system (1) is monotone with respect to
(K4, K., K,) and asymptotically stable, then there exists a scalar 7
letting sup ||y (k) [lvg,00 < nsup ||w(k)||vs,o for all w(k) € K, and
the infimum of 7 is

no = inf {n} = ||[C(I — A)"' By + D,] u3}|%m. (24)

Proof: Without loss of generality, we assume sup [|w (k) ||y5,00 = 1.
A system with constant disturbance w(k) = v3 is given as follows:

Z(k+1) = Az(k) + Byvs

y(k) = Cz(k) + Dyvs. (25)

Letting e, (k) = Z(k) — (k) and e, (k) = y(k) — y(k), a system for
e, (k) and e, (k) is given as follows:
er(k+1) = Ae, (k) + By (vs — w(k))

ey (k) = Cey (k) + D, (v5 —w(k)) . (26)

According to Lemma 1, the inequalities Z(k) =, «(k)andg(k) =,
y(k) hold for all ||w(k)||vs,c = 1, and sup ||§(k)||v,,~ is the infimum
of . By the state equation of system (25), 7(k) is denoted as

k—1
y(k) =C (Z Ai) Buvs + Dyvs. 27
i=0
According to (27), inequality
y(k+1) —y(k) = CA*B,vs =k, 0 (28)

holds for all k£ € Ny, and value of ||g(k)
increase of k. When k — oo, (27) leads to

|log,00 increases with the

Ilim g(k) = C(I — A) ' Byvs + Dyvs. (29)
—00
According to (29), the infimum of 7 is

N[O =AY "B+ D] 60)

V4,00

and Theorem 3 is proved.

Remark 3: The infimum of 7 in Theorem 3 can also be written as the
supremum of a cone max-norm, which is similar to (2) in Theorem 1
as follows:

sup (3N

lug,c0=

I[CT = A" By + Du] |, .-

[|v 1

Since the expression in (31) reaches the maximum value when v = vs,
we use (24) instead of (31) in Theorem 3.

Similar to Theorem 2, the cone max-norm induced gain can be
characterized by partial order inequalities, and the results are given
in Theorem 4 below.

Theorem 4: Given proper cones K, K, and K, and vectors
vs € intK,,, v4 € intK,. Suppose system (1) is monotone with respect
to (K, K., K,), system (1) is asymptotically stable and satisfies
sup [|y(k)|[vg,00 < nsup [|[w(k)]vs, for all w(k) € K, if and only
if there exist a scalar n > 0 and a vector p > i, 0 satisfying

(A=1I)p+ Byvs <k, 0 (32

Cp + Dyvs <k, s (33)

Proof: Sufficiency—First, the asymptotic stability is proved. Based
on inequality (32), an inequality

(A — I)p <K —BwU3 ij 0 (34)

hold. According to Lemma 2, the systems is asymptotically stable.
Then, one can assume that sup ||w(k)||vs,.c = f, where f > 0. By
applying mathematical induction, the fact that there exists a vector
p € intK, such that z(k) <k, fp for all k € Ny is first proved be-
low. When k£ = 0, we have z(0) = 0 <, fp. Then, we assume that
x(1) <k, fpforalli < n.Let k = n, we have

z(n+1) = Az(n) + B,w(n)
K. J(Ap + Byvs).

According to inequality (32), inequality x(n + 1) <k, fp holds.
By the above induction, the inequality z(k) <k, fp Yk € Ny holds.

=
= (35)
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According to inequality (33), the following inequality:
y(k) = Cz(k) + D,w(k)
= Kk, f(Cp+ Dyus)

=< K, fnva (36)

holds for all k£ € Ny. Since, system (1) is monotone with respect to
(K4, Ky, Ky), the inequality y(k) + fnvs =k, 0holds. Combining
with inequality (36), the cone max-norm of y(k) satisfies the inequality
ly(E)|lvg,00 < fn- The proof of the sufficiency has been established.

Necessity: Since, system (1) is asymptotically stable and satisfies
sup |y (k)| vy,00 < 1m5up ||w(k)]|vg,0, matrix A is a Schur matrix and
the inequality

[[C(I = A)"' By + Du] s, . <n (37)

holds. Inequality (37) also indicates that there exists a positive scalar
€ > 0 such that

[C(I = A) "By + Dy vs + £q <1, nva, (38)

holds, for all ||g[ls < 1. By letting p = (I — A) "1 (B,v3 +ev') €
intK,, where v’ € intK, and ||(I — A)'v'|| < 1, the following two
inequalities:

(A—=I)p+ Byvs < k,0 (39)

Cp+ Dyvz < k,nvs (40)

hold. The necessity of Theorem 4 is proved.

Remark 4: Theorems 1-4 provide the characterization of the cone-
induced gains using cone-induced norms and partial order inequalities.
When the given cones are n-dimensional polyhedral cones with n
edges, one can employ the affine transformation to convert the char-
acterization of the cone-induced gains into the weighted ¢; - or /.,-gain
characterization. However, for a broader range of proper cones, such
as second-order cones, determining how to utilize linear inequalities
or linear matrix inequalities to characterize the conditions in Theorems
1-4 remains a potentially significant future research direction.

C. Duality of Cone-Induced Gain

For discrete-time positive systems, there is duality property that the
{;-gain of a positive system is equal to the /..-gain of the dual of
the system. For cone-preserving systems, this property is not intuitive.
In the following, we will discuss whether such a property holds for
cone-preserving systems. First, a dual system of the discrete-time cone-
preserving system (1) is given as follows:

Z(k+1) = ATz(k) + C"w(k)

y(k) = Byz(k) + Dyw(k). 1)

It should be pointed out that the proper cones of Z(k), w(k), and
(k) are changed into K, K, and K7, accordingly. The reason why
the cones of Z(k), w(k), and g (k) are different from the ones in system
(1) is given in what follows. Take disturbance w(k) as an example.
For system (1), Cv € K, holds for all v € K. For a vector v' € K7,
inequality v'TCv > 0 always holds. In other words, vTCMv' > 0 holds
forallv € K,,and C"v' € K forallv’ € K. Therefore, w(k) € K,
and so do matrices A, B,,,and D,, and z(k) € K}, y(k) € K . Based
on Theorems 2 and 4 for the cone linear absolute-norm induced gain and
the cone max-norm induced gain, the duality property of cone-induced
gains is given as follows.

Theorem 5: The cone linear absolute-norm of the cone-preserving
system (1) is equal to the cone max-norm of the dual of the system
(41) forallv; =v4 € K andvy = vs € K;, where v; and v, are the

3 —~

5

10
K, and K,

Fig. 1. Cones K, Ky, and K.

vectors of cone linear absolute-norm induced gain in system (1) and vg
and v, are the vectors of cone-max norm induced gain in dual system
(41).

Proof: Theorem 5 is proved by contradiction. We assume that the
cone linear absolute-norm induced gain of system (1) is ; and the
cone max-norm induced gain of system (41) is 2, where vy, # 2. Let
4 = 0.5(y1 + 72). First, we assume that 5 > 1, which indicates the
inequality 2 > 4 > ;. Since ~y; is the infimum of -y satisfying (12)
and (13), one can find a vector p’ =g 0 such that

(A=D"p' +CMvy <k 0 (42)

Brp' + Dlvs < Au1 (43)

based on Theorem 2. According to Theorem 4, when inequalities (42)

and (43) hold, the cone-max norm induced gain of system (41) satisfies

Y2 < 7, which contradicts the assumption that 5 > 4. Then, one has

shown that the assumption vy < 7 is false in a similar way, which is

omitted here. Therefore, v, = 75, and the Theorem 5 is proved. O
Theorem 5 also indicates that the expression

sup H [C(I — A)’le + Dw] vHv%1
[ollyy ,1=1
= sup ||[BL(I-A)TCT+ D],
[0l 00=1 ’

holds.

IV. ILLUSTRATIVE EXAMPLES

Example 1: The following system matrices of system (1) are used
in the first example:

[0.37 —0.06 0.10 | 2.07 —0.35 —0.45
A= 1008 018 —0.16|, B, = (036 1.35 —0.42
0.10 —0.12  0.09 | 0.72 059 —0.75
oo 027 009 035]  _[0.51 0.03 005
1029 —013 —041]” 7Y 050 0.07 0.01]

The K, and K, are 3-D second-order cones Z satistying
7= {mERS ICCTQ.TZO,J)TGZO}
where e = [1, 0, 0]7 and Q3 = 2ee™ — I, and K, is a polyhedral

cone given as
1 2
K, = Cone .
2 1

The cones K, K,,, and K, are shown in Fig. 1 .
Since the eigenvalues of matrix A are 0.0332, 0.3259, and 0.2809,
the system is asymptotically stable. Let v; = [3, 1, 1]T and vy =
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Performance ratio with w (k)
—-—-Perfromance ratio with ws (k) 1
Cone linear absolute-norm induced gain

0 2 4 6 8 10 12 14 16 18 20

Fig. 2. Variation of the ratio (44) with disturbances w; (k) and wa (k).

[4, 1]T. Based on Theorem 1, the cone linear absolute-norm induced
gain of system (1) is maximized with the value to be 6.3576, when
v =[0.629, —0.477, —0.410]". Disturbances w, (k) and ws (k) are
given as follows:

wik) = [4/(k+ 12 1Yk+1? k417 . k>0

T
w2(k):{[0.629 70.4(7)7 ~0.410] ::8

The variations of the performance ratio

k .
Zi:o ||y(7’)||v2,1

k .
Zi:o ||w(2)||ﬂ1,1

with disturbances w; (k) and ws (k) are shown in Fig. 2 . One can find
that the ratio (44) for both of the two disturbances is less than the cone
linear absolute-norm induced gain, and the trajectory of ratio (44) with
the disturbance wy converges to the upper bound of the cone linear
absolute-norm induced gain.

To analyze the cone max-norm induced gain performance, two
vectors, vs € f K, and vy € f K, for cone max-norm are chosen
as follows:

(44)

T T
v=[12 01 04, w=[2 3] .

Based on Theorem 3, the cone max-norm induced gain is
[[C(T —A) "By + Dy s, . =24133. (45)

To demonstrate the effectiveness of the calculated upper bound and the
necessity of Theorem 3, two disturbances are introduced as follows:

T T
wy(k) = [6 1 2] . wa(k) = [1.2 0.1 0.4} .
Fig. 3 shows the variation of the performance ratio

supiefo,) 1Y)y, 0

: . (46)
SUPje[0,k] ||1U(Z)||v3,x

It shows that the performance ratio (46) monotonically increases
under the given disturbances w3(k) and w4 (k). When the constant
disturbance w,(k) equals to the vector v3, the ratio monotonically
increases and converges to the cone max-norm induced gain, which
verifies Remark 3.

Example 2: To illustrate the duality of the two gains, the following

T
example is given. Assume K C R? has two edges [3 1] and

25 T T

s — — Performance ratio with ws(k)
4 —-—-Performance ratio with wy(k) ]
Cone max-norm induced gain

8 10 12 14 16 18 20
Time k
Fig. 3. Variation of the performance ratio (46) with w3 (k) and w4 (k).

[0 1] T, and let

T
V1 = Vg = [1 2:|
and
[O (I-A) "B, + Dw] Vo
. T T
- [0(17,4) Bw+Dw] vy = [2 1] ,

where v, and v, are the vectors of cone linear absolute-norm induced
gain in system (1) and v3 and v, are the vectors of cone-max norm

induced gain in dual system (41). Then, the cone linear absolute-norm
of the original system (1) is

sup [C (I-A) "B, +Dw] v
follyy =1 va1
— sup T [C (I—A) "By + Dw} va. (47)
0llyy 1=1

T
When v = [1 0] , vT[C(I — A)"'By, + Do) Tvg gets the maxi-
mum value 2. The cone max-norm of the dual of the system (41) is

sup

1llug 00 =

[Bg (I—A)yTCT ¢ Dﬂ v

1 V4,00

=2.

V4,00

= || [BE - 4"+ DE] s (48)

One can find that cone linear absolute-norm of the original system (1)
equals to the cone max-norm of its corresponding dual system (41).

V. CONCLUSION

In this article, the cone linear absolute-norm and cone max-norm are
introduced to characterize the input—output gain of linear discrete-time
cone-preserving systems. Several equivalent conditions describing the
input—output performance of cone-preserving systems are proposed.
The conditions have shown that the two cone-induced gains can be
calculated via the linear programming. As generalizations of ¢;- and
{.-gain of positive systems, the theoretical results have also indicated
the duality of two cone-induced gains.
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