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functional method, a switched systems approach is adopted to study the reachable set
estimation problem for time-varying delay systems. Through augmentation, time-varying
delay systems can be transformed into switched delay-free systems. The reachable set of
a time-varying delay system is estimated based on its corresponding augmented switched
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Markov jump systems system. The number of decision variables in the obtained reachable set estimation condi-
Random delay tion is small compared with the Lyapunov-Krasovskii functional method. In addition, the
Reachable set estimation problem of mean square estimation of the system state for random delay systems is also
Switched systems studied. The effectiveness of the theoretical findings is verified through several simulation
Time-varying delay examples.
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1. Introduction

Time delay, whether occurs in the system state, the control input, or the measurement, is often inevitable in practical
systems and can be a source of instability and poor performance. The future evolution of the system state of a time delay
system depends not only on its current value, but also on its past values. Many processes have time delay characteristics in
their dynamics. For example, it takes time for the reactants in slow chemical processes to produce the required products. In
networked control systems, the components are connected over networked media, the signal transmission from one place
to another takes time. In addition, sensors and actuators in feedback loops usually introduce time delay even sometimes the
influence of such delay can be ignored. For readers who are interested in time delay systems, please see monographs [1-4].

In the literature, the research results concerning time delay systems can be classified into two types. One is delay-
independent conditions, the other is delay-dependent conditions. Delay-dependent conditions are less conservative com-
pared with the delay-independent conditions because they incorporate the information of time delays. Various techniques
have been developed in the literature to derive delay-dependent conditions, such as the Lyapunov-Razumikhin method and
Lyapunov-Krasovskii functional method [2]. In [5], the authors proposed the equivalence between stability conditions for
switched systems and the Lyapunov-Krasovskii functional stability conditions for discrete-time delay systems. This provides
us another method to investigate time delay systems.

* This work was partially supported by GRF HKU 17205815 and ITS/361/15FX.
* Corresponding author.
E-mail addresses: cyong.hit@gmail.com (Y. Chen), james.lam@hku.hk (J. Lam), cuiyukang@gmail.com (Y. Cui), kwokkw@hku.hk (K.-W. Kwok).

https://doi.org/10.1016/j.ins.2018.06.058
0020-0255/© 2018 Elsevier Inc. All rights reserved.


https://doi.org/10.1016/j.ins.2018.06.058
http://www.ScienceDirect.com
http://www.elsevier.com/locate/ins
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ins.2018.06.058&domain=pdf
mailto:cyong.hit@gmail.com
mailto:james.lam@hku.hk
mailto:cuiyukang@gmail.com
mailto:kwokkw@hku.hk
https://doi.org/10.1016/j.ins.2018.06.058

192 Y. Chen et al./Information Sciences 465 (2018) 191-201

As a basic concept in control theory, the reachable set of dynamic systems has received growing attention in the literature
these years. The reachable set of a dynamic system is defined as the set of all the system states that can be reached from
the origin under a prescribed class of inputs. It is generally difficult to characterise the exact region of the reachable set. An
alternative approach to studying the reachable set is to determine a region that contains the reachable set, and this region
should be as small as possible. This is referred to the reachable set estimation problem in the literature. The reachable set
estimation conditions for linear time-invariant systems under unit-energy inputs, component-wise unit-energy inputs, and
unit-peak inputs were proposed in monograph [6]. In that work, the reachable set of the systems under investigation is
bounded by some ellipsoids that can be determined by solving linear matrix inequalities (LMIs). Due to the wide presence
of time delay, some researchers took it into consideration when investigating the reachable set estimation problem. The
Lyapunov-Razumikhin approach was adopted in [7] to study the reachable set estimation for time-varying delay systems.
The Lyapunov-Krasovskii functional approach was utilized in [8] to tackle the reachable set estimation for time-varying de-
lay systems. The number of tunable parameters in the reachable set estimation conditions obtained by using the Lyapunov-
Krasovskii functional approach is smaller than that obtained by using Lyapunov-Razumikhin approach. Thus, the reachable
set estimation conditions obtained in [8] can be easily checked compared with the conditions obtained in [7]. The authors
in [9,10] proposed improved and relaxed results on estimating the reachable set of time-delay systems. In addition, the
reachable set estimation conditions for linear systems with both time delays and polytopic uncertainties were presented in
[11-13]. Furthermore, some researches have extended the reachable set estimation results to more complicated systems. For
example, linear systems with distributed delay [14], singular systems [15], positive systems [16], switched systems [17-19],
neural networks [20], Markov jump systems [21,22], periodic systems [23], and nonlinear systems [24]|. The authors in
[25] studied the reachable set bounding problem for linear discrete-time systems with time delay. However, the number of
decision matrices in the obtained reachable set estimation conditions in [25] is relatively large. This motivates us to study
the reachable set estimation conditions for discrete-time systems with time delay by using the switched systems approach.

The organisation of this paper is as follows. The problems investigated are formulated in Section 2. The main results
obtained for the reachable set estimation problems of time-varying delay systems and random delay systems are presented
in Section 3. In that section, time delay systems are augmented into delay-free switched systems. The reachable set of time
delay systems is estimated based on the switched delay-free switched systems. The effectiveness of the obtained reachable
set estimation conditions is verified through simulation examples in Section 4. Finally, a conclusion of this paper is given in
Section 5.

Notation: The notations used in this paper are standard. R and R" represent the set of real numbers, and n-dimensional
Euclidean space. E(m) represents the expected value of random variable m. The superscript “T” represents matrix transpose.
The notation “*” is used to represent terms implied by symmetry in symmetric matrices. Vectors and matrices are assumed
to have compatible dimensions for algebraic operations if their dimensions are not explicitly stated.

2. Problem formulation

The discrete-time systems with time delay considered can be described as follows:

X1 = AXy + ApXy_g, + By 1)
Xk = 0, Yk e [_dM’ O],

where x; € R™ is the state vector, w, € R™ is the bounded peak disturbance vector satisfying
olw, <@, Yk=0, (2)

@ > 0 is a scalar. A, Ap and B,, are constant system matrices. Time-varying delay d; belongs to the interval [dp, dy], where
dm and d,; are positive integers.
The reachable set of system (1) subject to bounded peak disturbances (2) is defined as

Ry 2 {X | X0 =0, X, oy satisfy (1), (2), k> 0}. (3)
Our aim in this paper is to determine a hyper-sphere to bound the reachable set of system (1). The adopted bounding
hyper-sphere can be described in the following form:

S E2{verR™ viv=r, r>0)}. (4)
Remark 1. The proposed reachable set estimation problem has been considered in [25] by using the traditional Lyapunov-
Krasovskii functional method. However, it is difficult to check the feasibility of the reachable set bounding conditions ob-

tained in [25] because the number of decision matrices is large. To solve this problem, we try to propose a novel reachable
set estimation condition by using the switched systems method in this paper.

In some circumstances, the variation of the time delay d, is random. Suppose the random delay d; can be modelled as a
homogeneous Markov chain. The transition probabilities of the time delay are given by

Pr{dy,1 = jldy =i} = m;j, (5)

where 7 >0 and Z‘;ﬂdm m;j =1 for all i € [dy, dy]. Denote the transition probability matrix by IT = {;;}.
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For the reachable set of random delay systems, a hyper-sphere-like mean square estimate is given in the following form:

S 2 veR™ EvTv)=r, r> 0} (6)

Remark 2. As pointed out in [22], the reachable set of a dynamic system that is bounded by a hyper-sphere in the mean
square sense can be referred to as a mean square estimate of the reachable set. The vector x; at any time of k is a random
variable, it may diverge to infinity; however, it may be bounded in the mean square sense.

3. Main results

Motivated by the technique utilized in [26], dynamic systems with time delay can be augmented into delay-free switched
systems. Therefore, the reachable set of time delay systems can be estimated by the method proposed recently for switched
systems in [17]. In the following, through the augmentation method, sufficient conditions for the reachable set bound of
system (1) will be established.

At time k, if we augment the state variable as

Xe=[xg Xp_y . xg, 1" (7)
one can obtain the following augmented system:
X1 = (A+ApEg )Xy + Bay, (8)
where
A 0 ... 0 O Ap B
I 0 0 0 O 0 0
A-10 I 0 0 O CAp = 0 B= 0 7
00 .. I 0 0 0
Eg,=[0 - 0 I 0 ... 0] 9

and fdk has all the elements being zero except for the (1 + dj)th block being identity. It can be seen that the augmented
system (8) is a delay-free switched system. Let

Edk =E+EDfdk, (10)
then we have
X1 = Ag Xy + Bay. (11)

The above augmented system is a typical switched system modelled in [17] with dy; — d;y + 1 subsystems. The switching
signal o is determined by the time delay d;. Now we are in the stage to state our results for finding the reachable set bound
of time delay systems.

3.1. Time-Varying delay systems

With the above preliminaries, a sufficient condition for finding the bound of the reachable set (3) can be obtained.

Lemma 1. Consider the time-varying delay system (1) under bounded peak disturbances (2) and zero initial conditions. If there
exist matrices P; >0, i€ [dm, dy], and scalars «;; € [0, 1], such that for all (i, j) € [dm, dy] x [dm, du],

A+ ApE) P&+ AoE:) — ;P (A+ApE)TPB
( D 1) ]( D 1) jili ST 7D 11)—(»]- <0, (12)
* B PB - —*I
'’
then we have
XIPX, <1, i€ [dm, du]. (3)

Proof. According to Theorem 1 obtained in [17], the proof of this lemma is straightforward if the augmented system (8) is
regarded as a switched system. There are d,; — dp, + 1 subsystems represented by system matrices (ﬁdm,ﬁ), (ﬁdm B,
(ZdM,E) in the obtained augmented system (8). Note that time delay d, is independent of d,_; at any time k, thus the
governing switching signal is arbitrarily switched. Based on Theorem 1 obtained in [17], if the following condition

[AfTPin —ajif A;PB

2 pn <0, (i,j) €[dm.d dp, d 14
* BTPjB_l;Oztj.iI:| @, j) € [dm, du] x [dm, du] (14)

holds, then we have XTPX; < 1.i € [dm. dy]. Note that condition (14) is equivalent to condition (12) as A; = A+ ApE;. O
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The above lemma gives a sufficient condition for finding the reachable set bound of the augmented system (8). However,
our target is to determine the reachable set bound of the time-varying delay system (1). This purpose can be achieved by
using the following theorem.

Theorem 1. Consider the time-varying delay system (1) under bounded peak disturbances (2) and zero initial conditions. If there
exist matrices P; > 0, i€ [dm, dy], and scalars 8; >0, a;; €[0, 1], such that for all (i, j) € [dm, dy] x [dm, dy],

[(A+ApE)TPj(A+ApE;) — j;P,  (A+ApE;)"P;B
T _ —= 1—a;; _O, (15)
I " B'PB— i
M, 0 - 0
o o0 ... o0
< 4P, (16)
0 0 ... 0

then the reachable set Ry is bounded by the hyper-sphere S(r) with r = min($;).

Proof. The proof of Theorem 1 can be obtained based on Lemma 1. Condition (15) implies XkTPl-Xk <1, ie[dnm, dy]. With con-
dition (16), we have x[xk < §;, ie[dm, dy]. Then the reachable set Ry is bounded by a hyper-sphere S(r) with r = min(§;). O

Remark 3. In practical applications, the bounding hyper-sphere is expected to be as small as possible. If «;; in condition
(15) are fixed, this turns out to be a generalized eigenvalue minimization problem, which can be easily solved by using
standard software. In addition, condition (15) in Theorem 1 is not an LMI because it has the nonlinear terms «;;P;. As
proposed in [17], various stochastic optimization methods can be utilized to search for the optimal decision variables, such
as Genetic Algorithm (GA) and Particle Swarm Optimization (PSO) method.

Remark 4. Compared with Theorem 3.1 obtained in [25], the reachable set estimation condition obtained in Theorem 1 is
simpler than that in Theorem 3.1 in [25]. Thus it is easier to check the feasibility of the reachable set estimation condition
in Theorem 1.

Next, let us consider two special cases. The first case is dm = d), the time-varying delay d, reduces to a constant delay
d. The second case is |dy, ¢ —dy| <h, where h>1 is an integer.

For the first case, the number of subsystem of the augmented system (8) is 1. The augmented system becomes a time-
invariant system. We have the following corollary for constant delay systems. The proof of the proposed corollary is quite
straightforward and thus omitted here.

Corollary 1. Consider the constant delay system

X1 = AXy + ApXy_q + Bwy, 17)
X, =0, Yke[-d,O0],

under bounded peak disturbances (2) and zero initial conditions. If there exist matrix P> 0 and scalars § >0, « €[0, 1], such
that

[(A+ApE)"P(A+ApE) —aP (A+ApE)"PB
=T = 1_ <0, (18)
* B PB — =X1
- [0}
[, 0 -.- 0
o o --- 0
. < 6P, (19)
L0 O 0
where
E=[0 - 0 I (20)

then the reachable set Ry is bounded by the hyper-sphere S(r) with r = 6.

For the second case, |dy,; — di| < h means there are some constraints in the switching signal of the augmented system
(8). To ease our analysis, we assume h =1 in the following. The obtained reachable set estimation condition for h = 1 can
be extended to h>1 in a straightforward manner. We have the following corollary for the case |dy,; —d;| < 1.

Corollary 2. Consider the time-varying delay system (1) with |d,,; —di| <1 under bounded peak disturbances (2) and zero
initial conditions. If there exist matrices P; > 0, i € [dm, dy], and scalars § > 0, «;, al.*, a; €[0,1], such that

A+ApE)"P1(A+ApE;) —afP.  (A+ApE;)"P1B
( D 1) H—l( D 1) it (7T L'i 1)171;—.1 < 0, ie[dm,dM—l], (2])
* B'PuB— 5
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[(A+ApE))"P,(A+ApE;) — ;P  (A+ApE;)"PB )
T = g, | =0, i€ (dn dul (22)
I x B BB - =1 mM
[(A+ApE)"P_;(A+ApE;) —a; P, (A+ApE)"P_{B
( D 1) 1 l( D z) it (77_ 11 1)1,la; <0, ie [dm + ]vdMlv (23)
I ¥ B'P_B- %1
L, 0 0
0 O 0
< 6P, ie[dn, dyl, (24)
(0 0 - 0

then the reachable set 9y is bounded by the hyper-sphere S(r) with r = 6.

Proof. Choose a Lyapunov function for system (8) as

V(Xk) = Vi, Xe) = X{ Py, X (25)
If we can ensure V (X, ) <1 from V(X;) <1, then we can conclude that V(X}) <1 holds for all k=0 as V(Xp) =0 < 1.
Suppose dj, =i, then d, ;€ {i—1, i, i+ 1} due to the restriction |d,,; —dy| < 1. Actually, conditions (21), (22), and

(23) ensure Vi, 1 (Xpy 1) <1, Vi(Xiyq) <1, and V;_; (X, 1) < 1, respectively, for Vj(X;)<1. Taking condition (21) for example.
From condition (21), we have

Te— — — o o _
X, | [(A+ApE) P (A+ApE;) — o Py (AT+ ADEi)TPitl X| -0 (26)
w " BB S || =
This means
- T = - - 1-af
X{A; P AXy — o XTPXy + X[ A; Py 1Bwy + 0 B Py 1AXi + @ B Py 1By, — - Lolw, < 0. (27)
With Xy, = AiX; + Bwy and o] wy < @”, the above inequality implies
X,;l-+1pi+1xk+] - a:erZ"P,Xk <1- C(:r (28)
That is,
o (1 -Vi(Xp)) = 1= Vi1 (Xp). (29)

Then condition (21) ensures V; ¢ (X;,1) <1 for Vi(X;)<1. Conditions V;(X;,1) <1 and V;_;(X;,1) <1 can be derived in the
same way. As dy,1 € {i—1,i,i+ 1}, we can conclude that the conditions in Corollary 2 ensure V(X,, 1) <1 for V(X;)<1.
Therefore, V(X,) <1 holds for all k> 0. In addition, condition (24) means x{xk < (SX,(TP,‘X,< < &, then we can conclude that the
reachable set 9y is bounded by the hyper-sphere S(r). O

3.2. Random delay systems

By using the same augmentation technique, random delay systems can be transformed into delay-free Markov jump sys-
tems. Before presenting the reachable set estimation condition, a lemma that is used to derive the reachable set estimation
condition will be introduced.

Lemma 2. Assume there exist functional V(X,, d\) and scalar o €[0, 1] such that V (Xo, dg) = O for any initial dy and

1

—205 wlw, <0. (30)

E[V X1, dier1) [ Xe di] — @V X, dy) — —
Then we have

E[V Xk, di)|Xo, do] < 1 (31)
for system (8) under bounded peak disturbances (2) and zero initial condition Xy = 0.
Proof. As w]w; <1 and 0 <« <1, the condition in (30) indicates

E[V Xir1, die1) X, die] = 1 < o (V (X, di) = 1). (32)
Taking the expectation of both sides of the above inequality yields

B[V X1, dee1)] =1 < o (E[V Xy, di) — 1. (33)
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Suppose

E[V(X.d)] <1 (34)
holds for time I, then we can get

EIV (X, diyp)] < 1. (35)
In addition, under zero initial condition Xy = 0, we have

E[V(Xp,dp)] =0 < 1. (36)
Then by using mathematical induction, we can conclude that

E[V (X, di)|Xo, do] < 1 (37)

holds for any k> 1. The proof of Lemma 2 is completed. O
Based on Lemma 2, we have the following reachable set estimation theorem for random delay systems.

Theorem 2. Consider the random delay system (1) under bounded peak disturbances (2) and zero initial conditions. If there exist
matrices P; > 0, i [dm, dy], and scalars 6 >0, @ €0, 1], such that for all i€ [dm, dyl,

[(A+ApE;))"P(A+ApE;) —aP  (A+ApE;)"PB
=T = 1_g <0, (38)
* B PB - =1
- w
[, 0 ... 0
O 0 --- 0
< 6B, (39)
Lo 0 ... 0
where P; = Z;l“:” dm 7;;P;, then the reachable set Ry is bounded by the hyper-sphere S(r) with r = § in the mean square sense.

Proof. Choose the following Lyapunov function
V (Xk. di) = X{ Py, X (40)

Assume the mode at time k is i € [dy, dy]. Then at time k + 1, the system may jump to any mode j e [dr, dy] with probability
7 ;. Denote

1-«
J=E[V Xis1. dis ) X, die] = aV (X, di) — —— o o, (41)
then
T . T 1-o ;
] = E[XkHPdMXkH |ka l] — Ole PliXk — ?wka)k
Ou 1-«
= Y X1 PXiest — oX{ PXi — —5— ooy
J=tn @
- -
= X,CTHP X1 — OleT PX; — 2 a),f wy
— - - —= 1-«
= (AiXk + Bowi) "P;(AiXy + Bowy) — aX[PX) — ?a):{wk
[ X "[ @& +ApE)TPi(A + ApE;) — P (ZT-F ApE)TPB][ X,
" | . B'PB- 21 ||
<0. (42)
According to Lemma 2, we have
E[V Xk, di)|Xo, do] < 1 (43)
In addition, condition (39) ensures
E[x}. x¢] < SE[V (Xy. di)|Xo. dol, (44)
therefore,

E[x}, X] < 6. (45)
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This means the reachable set Ry is bounded by the hyper-sphere S(r) with r = § in the mean square sense. [0

In some circumstances, the mode transition probabilities are unknown. Next, we will extend the reachable set estimation
condition to random delay systems with partially known transition probabilities. In this case, the transition probabilities
matrix may take the following form:

Tpdn 7 T ddyy
72 T+ 1dy
: . (46)
T[dem 0 t ﬂdeM
where “?” denotes an unknown transition probability. For simplicity, Vie [dpm, dy], let
Ll = {j: if mjisknown}, Ll ={j: if 7;jisunknown}. (47)

The following theorem gives a reachable set estimation condition for random delay system (1) with partially known transi-
tion probabilities.

Theorem 3. Consider the random delay system (1) under bounded peak disturbances (2) and zero initial conditions. If there exist
matrices P; >0, i €[dm, dy], and scalars § >0, a €[0, 1], such that for all j e Ly,

M= = = (=K - = — = — (=K =
A +ApE)T (Pi +(1- n,.K)Pj) (A+AE)—aP (A +ADE,-)T(Pi +(1- ni’()Pj)B , s
<
—T (=K __— =Y
I « B (Pi 11— ni’()IDJ-)B - Ly
[, 0 -.- 0
o o --- 0
< 8P, (49)
|0 0 -~ 0
where 13,{( = Z] 1, 7iPj, 7{ Z] 1, 7ij, then the reachable set Ry is bounded by the hyper-sphere S(r) with r = § in the mean

square sense.

Proof. It is obvious that 0 <X < 1. For 7€ =1, condition (48) becomes condition (38) in Theorem 2. We will consider
ni’( < 1 in the following. The left-hand side of condition (38) can be rewritten as

N (& (Ff Y, nijpj)ﬁ,- —aP A (Ff + Y, nijpj>§
: B (Pl o+ g, Py B - 1
(A OOy, TRV an A (B =) Sy, BB
N « BT(P (=) T 7 ”KP)B— ]
Since 0 < 7;;/(1—7X) <1, Vjeli, and ZJ'ELLK mij/(1—mf) =1, we have
N 7 A (ﬁf +(1- n{<)Pj)/} _aP B Ai(g’»< +(1- n.K)P-)E
a1 . B (Pi +a- K)P) Lo

Therefore, condition (48) ensures A <0. Then, according to Theorem 2, the reachable set Ry is bounded by the hyper-sphere
S(r) with r = § in the mean square sense. [

Remark 5. If the transition probabilities are completely unknown, then the treatment of Markov jump systems resembles
to that of arbitrarily switched systems. In this case, the reachable set estimation condition (48) is the same as condition

(15) in Theorem 1 because ﬁﬁ‘ =0and 7} =0.
4. Illustrative examples
4.1. Time-Varying delay system

Consider the time-varying delay system (1) with the following parameters:

040 —0.02 ~0.05 0.00 0.10
A= [—0.30 0.10 ] Ap = [—0.01 —0.04]’ B= [0.50} (50)
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Table 1
Different minimal values of § for different [dp, dy].

Method & NoV  [dy, dy]

[1,2] [1,3] (1, 4] (2, 4]
[25] 05660 0.6360 0.8402  0.7299
NoV 145 145 145 145
Theorem 1 0.5360 0.5499 0.5700 0.5771
NoV 42 108 220 165
T T
0.6 4
04 1
0.2 N
0 |- -
-0.2 .
-0.4 .
-0.6 .
1 1 1 1 1 1 1 1 1

-08 -06 -04 -02 0 0.2 0.4 0.6 0.8

Fig. 1. Bounding hyper-sphere for the reachable set with di €[1, 3].

The peak of the disturbances w is assumed to be @ = 1. Next, we will use the proposed reachable set estimation method
to determine the bound of the reachable set of the above system.
The parameters of the augmented system can be obtained as

T040 -002 0 0 0 O ~0.05 0 0.10
030 010 0 0 0 O ~0.01 -0.04 0.50
- 1 0 0 0 0 0f = 0 0 - 0
A= o 1 0 0 0 ol =] o o |"B=| o |
0 0 1.0 0 0 0 0 0
L0 0 01 0 0 0 0 0
g_fo0 1 00 0] g _[0o0 00 10
o o0 o 1 0 o ™27 lo 0 0 0 O 1/

We use the GA to search for an optimal set of values of the decision variables in Theorem 1 when minimizing min{d1, 85}
To compare with the result in [25], the minimal values of § for different delay intervals given by different methods are listed
in Table 1, where NoV stands for the number of decision variables. From Table 1, it can be seen that the minimal values of
8 obtained in this paper are significantly smaller than those obtained in [25]. Moreover, the number of decision variables do
not increase a lot. The obtained bounding hyper-sphere is shown in Fig. 1. In this example, the disturbance ) is assumed
to be w, = sin(k). Therefore, the effectiveness of the reachable set estimation condition has been verified.

4.2. Random delay system
Consider the random delay system (1) with the following parameters:
040 -0.02 -0.05 0.00 0.10
A= [—0.30 0.10 ] Ap = [—0.01 —0.04]’ B= [0.50]' (1)

Next, the completely known and partially known transition probabilities of the system delay will be considered respectively.
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|
0.07 W

0.06 [ g

Mean Square Bound ‘
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£ 0.04F :
=
0.03F 8
0.02F 8

0.01 [ g

O* Il Il Il Il Il Il Il Il Il
0 100 200 300 400 500 600 700 800 900 1000

Time

Fig. 2. Mean square of the system state.

4.2.1. Completely known transition probabilities
Suppose the time delay d takes its value in the set {1, 2}. The transition probabilities matrix of the time delay d, = 1
and dj, = 2 is given by

0.70 0.30
= [0.20 0.80:|' (52)
The peak of the disturbances wy is assumed to be @ = 1. Next, we will use the proposed reachable set estimation method

to determine the mean square bound of the above system.
The parameters of the augmented system can be obtained as

[0.04 0

021 012 0 0 0 O 0.10
005 -014 0 0 0 O 0'85 0'81 ~0.20
- 1 0 0 0 0 Of — = 0
A=1| o 1 00 0 of ™= 8 8 B=1 0o |
0 0 1 0 0 O 0 0 0
| 0 0 01 0 O 0
g _[0 01 00 0]z _fooo0oo0 10
1o o o 1 0 o "~ |o 0 0 0 O 1/

By searching for the optimal value of a in Theorem 2 with a constant step size of 0.0001, we obtain the following optimal
result:

a =0.2152, § =0.0714.

The mean square values of the system state are shown in Fig. 2. The disturbance wj, is assumed to be w;, = (—1)*. We ran
the Markov jump system for 100 switching realisations. Each * in the figure represents the mean square value of the state

T
for each realisation sequence, that is, Z{;’fox". As can be seen from this figure, the mean square value of the system state is

bounded by the obtained §. Therefore, the effectiveness of the reachable set estimation condition for random delay systems
has been verified through this numerical example.

4.2.2. Partially known transition probabilities

Suppose the time delay d, takes its value in the set {1, 2, 3}. The transition probabilities matrix of the time delay d, = 1,
d, =2, and d;, = 3 is given by

020 ? ?
M=|030 0.10 060 ]. (53)

? ? 0.50
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Fig. 3. Mean square of the system state under different transition probabilities scenarios.

The peak of the disturbances wy is assumed to be w = 1. Next, we will use the proposed reachable set estimation method
to determine the mean square bound of the above system.

The parameters of the augmented system can be obtained as
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By searching for the optimal value of o in Theorem 3 with a constant step size of 0.0001, we obtain the following optimal
result:

o =0.2213, § =0.0721.

The mean square values of the system state under different transition probabilities scenarios are shown in Fig. 3. The
disturbance w; and the switching realisations are described in the completely known transition probabilities case. The ef-
fectiveness of the reachable set estimation for random delay systems under partially known transition probabilities has been
verified through this numerical example.

5. Conclusions

In this paper, the problems of reachable set estimation for dynamic systems with time-varying delay and random delay
have been studied. By using the augmentation technique, time delay systems can be transformed into delay-free switched
systems. The switching signal of the transformed switched system is determined by the time delay d,. Sufficient conditions
for determining the bounding hyper-sphere for the reachable set have been derived. This paper has proposed different
reachable set estimation conditions for different delay types (including time-varying delay and Markov jump time delay).
The usefulness of the reachable set estimation conditions has been verified through numerical examples.
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